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CONTROL  VARIABLE  METHODS  IN  THE  SIMULATION  OF  A 
MODEL  OF  A  Ml  LTIFROGIUMMED  COMPUTER  SYSTEM 
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ABSTRACT 

Out  pppraaeii  fy  tbe  of  she  ^'njtnaiH-r  «*i  myW|ti^rass^«i  n^pucf 

§¥s^*nii  iacbd»  ;lif  dc*e&*$mstriii  rf  Musif  t4it»  »aalaik<^  *4" 

*  if  bin  ?gcfc  srf  flicii  strragsiheas^l  In  nmlnJ  ii?li5lc  funcontet  TsriaWe 

As  ap|*Ik’^?t»»a  *4  ?*3cb  a  €ueib£s»3Uti&  *4  iutafytk-a!.  sssfridl.  sr,4  Moaitr  Csrt« 
mpimsszhe*  It*  a  sedd  -4  *»tffhcjid  is  g  fapin?  ssrftiar  f?  |  fe^itfiL 


I.  INTRODUCTION 

Many  questions  of  interest  which  arise  in  the  evaluation  of  the  performance  of  muhiproaraintned 
computer  systems  lead  to  stochastic  (queuing)  models  that  are  too  complex  for  existing  mathematical 
techniques.  One  approach  to  the  study  of  such  models  involves  the  development  of  Monte  Carlo 
simulations,  and  their  strengthening  by  control  variable  and  concomitant  variable  methods,  see  flj. 
The  main  idea  is  that  control  and  concomitant  techniques  supplement  and  correct  oversimplified, 
bu.  tractable  analytical  models.  The  goal  *s  to  obtain  useful  numerical  results  by  means  of  wiach 
system  performance  can  he  judged. 

This  p  sper  is  concerned  with  the  application  of  control  variable  methods  to  simulations  of  a  model 
of  a  demand  paging  computer  system.  The  particular  objective  is  to  obtain  estimates  of  sys4em  overhead. 

The  computer  which  we  consider  In  this  paper  is  a  single  processor  system  with  two-level  memory 
which  is  mu!tipn»grair»tned  and  operates  in  a  demand  piping  environment.  Such  systems  are  described 
in  [2.  51  The  following  brief  discussion  pves  the  backpound  necessary  for  an  understanding  of  the 
models  given  in  sect  km  III. 

In  a  paging  system  all  information  that  is  explicitly  addressable  by  the  central  processor  (CPU) 
is  divided  into  units  of  equal  stie  called  pages.  The  main  memory  tor  execution  store!  is  similarly 
divided  into  page-size  sections  called  page-frames.  In  such  machines  it  If  possible  to  execute  a  program 
by  supplying  it  with  only  a  few  page-frames  »*f  main  memory.  Having  loaded  the  page  containing  the 
first  executable  instruction  into  a  page-frame,  execution  hepns  and  continues  until  an  item  of  Inlor* 
mation  requited  is  not  found  in  main  memory.  The  page  containing  the  missing  information  is  then 
fetched,  and  overwrites  a  page  currently  in  main  memory:  this  is  a  continuing  process.  Thus  in  demand 
paging,  information  is  brought  into  main  memory  only  as  a  result  of  an  attetnpl  to  use  information 

*Tft?  ts  sHo  3  mn^nfaaii!  i«  IBM  Hr#r«rfc, 
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not  currently  therein,  An  instance  of  this  implicit  "(ieiriaiui  for  a  page  which  is  not  in  itie  store  is 
termed  a  page  exception.  When  dealing  with  large  program?,  or  in  a  multiprogramming  mode  in  which 
the  main  memory  is  shared  amongst  several  programs,  it  is  Usually  the  case  that  when  another  page 
has  jo  he  fetched  from  auxiliary  memory  the  main  store  is  filled.  Consequently  a  choice  must  lie  made 
as  to  which  page-frame  in  the  main  memory  is  to  he  overwritten.  The  rule  governing  this  choice  is 
called  the  replacement  algorithm.  It  is  usually  the  ease  that  the  content  of  the  page  frame  chosen  to 
he  overwritten  must  be  transferred  to  auxiliary  memory  before  the  overwriting 

The  essentia!  components  of  the  hardware  configuration  which  we  consider  are  shown  in  Figure 
1.  The  main  memory  M  contains  S  page-frames.  CCU  is  a  channel  control  unit,  and  A  is  an  auxiliary 
storage  device.  We  assume  that  at  all  times  A'tA  &2t  problem  programs  Pi.  .  .  ..  P.%  are  being 
run  in  the  system.  A  part  of  M  is  used  as  the  residence  of  system  <  coni  roll  programs.  Of  the  remaining 
5*  page-frames  of  main  m.-mory,  s,  page- frames  are  allocated  to  problem  urogram  P„  Clearly  we  want 


y  =  .S".  and  if  l,  is  the  nurahi-r  of  pages  In  program  P, 


the  ease  of  interest  is  that 


Ns,<  /,-  for  I  “S  i  *?  A. 


Under  the  multipropammtrig  assumption  there  Is  more  titan  one  program  resident  in  the  main 
memory  (.Ys2).  Tlwre  Is.  thus,  contention  for  processing  resources,  lienee  a  conceptual  queue  is 
formed  for  processing  services  to  lie  provided  h>  the  central  prro  e>s«»r  unit  (CPU  Whenever  a  program 
which  is  receiving  processing  service  from  itie  CPU  references  a  page  which  is  not  in  main  memory, 
a  request  for  data  transfer  service  is  made  by  the  CPI  to  ,s  thannel  control  unit.  The  referenced 
page  is  then  moved  from  auxiliary  memory  u*  main  memory.  Having  initiated  this  request  the  CPI  is 
free  to  render  service  to  the  next  available  program.  A  data  transfer  service  consists  of  activity  of  a 
channel  control  unit  and  an  input-output  device  isav  a  drum  or  a  dish I.  Since  we  have  assumed  multi- 
programming,  there  will  sometimes  lie  at  least  one  requc.t  waiting  lor  the  service  of  data  transfer. 
A  second  concejtiuai  queue  is  formed  for  data  transfer  services  to  tie  provided  by  the  data  transfer 
unit  (DTLT,  As  socMi  as  a  referenced  page  Is  moved  from  auxiliary  memory  to  main  memory,  the  re¬ 
questing  program  t  logically)  is  again  available  for  processing.  It  is  assumed  that  the  CPL  can  he 
operated  concurrently  with  the  DTI'.  Thus  in  the  muhipnigramniing  mode,  the  CPU  can  process  one 
program  while  the  DTL  is  processing  page  requests  for  oilier  programs. 

The  foregoing  discussion  has  made  no  mention  of  system  ovi-riiead.  that  is.  the  processing  done 
by  the  CPU  to  accomtilisti  the  -witi-lung  from  »hh*  problem  to  another,  the  c  onstruclion  and  execution 


. . ^Pimiiit..inrfiiimftifl!iiiidi.inin..nn..niniithiimiiitrt.nn!inm^.iTr.iiriRinn!R.ili1iiiitllihiihiliiIIdit!li1iiit!lH!^nlfinirth!ffiiiin!ii.nHn!iii1ihiniidl!b 
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I "  **'  ^ie  yi  a“‘‘  ;  1,1  m  ,  machine  slate.  W«*  iftCNriaii-  with  o?  ihe  activity  required 

to; 

■  it  -s«*e  the  machine  stale  «t  Hh*  program  relinquishing  the  CPU, 
liii  execute  tile  replacement  algorithm, 

uni  construe!  die  channel  control  jiretjoam  for  the  required  page,  and 
m  i  plait*  an  entry  unto  the  paying  queue. 

The  interpretation  of  ft  is  the  activity  required  to 
ill  pick  up  the  next  pay**  request, 
liii  81311  execution  of  tin*  channel  control  program. 

.,e  i-j.rnuni  <.f  a  nest  entry  on  the  t.PL  queue  and  the  termination  of  the  input-output  operation  is 
associated  »itli  ft  service.  Under  this  Interpretation,  the  major  overhead  activity  is  the  «2  service. 
Mx  -crviccs  are  provided  iiy  hut  two  servers,  a  single  CPU  and  a  single  DTU.  A  ft  service  can 
*•>*  5hl* ,m  •  *hile  the  remaining  services  are  performed  by  the  CPU.  It  is  assumed 
In*  C.Pt  and  the  I) IT  can  provide  service  simultaneously,  subject  to  the  restriction  that  no  ft 
service  can  he  rendered  l»v  the  CPU  while  the  DTU  is  rendering  a  ft  service.  It  is  assumed  that 
utter  having  received  „2  service  a  program  “moves”  instantaneously  front  the  «,  service  station  to 
the  tail  ,.f  the  queue  in  the  ftstag, .  and  after  having  received  the  ft  service,  “moves*’  instantaneously 


iif  f 


Irsifil  Hi*’ 


ft  service  elation  to  flic  lati  <h  1111*  ijUtriic  in  ih?  g-siagr. 


-  - -  I - -  **»  ■»*»  V*  .10,1.. 

Tlie  single  (.IT  renders  o,.  ft.  ami  ft  service  tu  the  several  programs  in  the  system.  Having 

ncgim  an  .  ns.  ft.  or  ft  service,  the  CPU  competes  that  service  witlioul  interruption:  however,  an 
interruption  of  service  i-ccurs  at  any  emwh  at  whieit  a  ft  service  is  completed  by  the  DTU,  The 
.i.,cmipted  service  will  I«*  continued  (after  some  time!  from  the  point  of  intemiptlon.  Thus  the 

**f  an  in  wnkr  1^  of  the  prr-emplivr  f&m me  tvpe. 

At  an  epoch  of  completion  of  an  «...  ft.  or  ft  service  and  at  an  epoch  of  interruption  of  an 
«s  service.  i.c..  at  completion  „f  ft  service,  the  CPU  choose*  the  next  service  to  be  rendered  according 
to  the  following  priority  rule. 

Rule  of  Priority  .Service: 

til  If  there  is  a  program  waiting  tor  ft  service.  Iiegiu  that  service. 

«ii»  If  there  is  a  program  waiting  for  ft  service,  begin  that  service  if  DTU  ft  service  is  not  in  progress, 
nut  ti  ?nc  last  «  service  rendered  was  a  completed  as  service,  begin  an  it  service. 

Iafl  °  ^Txivr  **a-  an  interpreted  n:  service,  resume  the  «.  service, 

ivt  If  the  last  «  service  rendered  was  an  «,  service,  begin  an  o;  service, 
tvii  ii  toe  la-t  o  .erviee  rendered 
is  not  empty,  begin  an  »«,  «<*rri 
if  no  eiaim  ss  made  .„s  the  (.PI  according  f»  the  rule  of  priority,  the  CPU  is  assumed  to  remain 

;V  ■  Vrm"U  t™  :,f  A  «-rvier  When  the  rule  of  priority  i,  invoked.  A  fiowchart  for 

if»^  -=t  i  iiiKfrify  n:lf  i$  pvrn  In  Figtirr  3. 

that  hit  fl  flff*  f  If-  Iff*®  f?*'!3£|»  OnJ  •{;»  is-  g=  .  *  _  3  . 

FIFO  .Firs, -In  Firs, -On, i  queuing  discipline.  **  ***  **  fm*d  “  * 

Mnce  no  intrmqqion  «f  an  r  or  re  service  ran  occur,  a  program  completing  a  ft  service  while 

m  ,i!  ‘ ««  ,in  ,hi-  until  the  ,  •*  ipletion  „{  (hjj  service  before 

i5  s  ’  ’  *  *-  mifmipifii  tfj  a  fn  caminrtum  mmt 

wait  m  '! '■  .oMagel  until  aft  servh  e  ami . . il  ly  a  ft  service  has  f . . rendered  Imbue  its  «.  sctvW 

’  rrM"'"=*  ‘  ,n  ,a,  t  sf  ,!lrr‘* an>* w  «•>  :  queue  the  servire*  is  nm  resumed  until  ft  service 


is  in  service,  and  the  queue  at  the  beginning  of  the  o-sta** 


KlM'liK  :i.  Hull'  nf  1'iioihv  Si'fvlcf 


r  ,  =  n 


I  — #=  M 


if  ?0| 


mathematical  analyst-  of  thi#  model  fias  been  given  lnr  Lewis  tod  Sbedlcr  fSJ.  The  result  of 
isfrsfnird  in  J3j  using  the  trse  »dfl  is  me  determination  of  the  kn|  run  fraction  of  time 
that  each  of  the  six  sen-tee*  is  in  process.  and  her  <e  the  fonp  run  fraction  «.f  time  that  each  of  the  two 
server#  is  busy. 

tit  hough  assumption  t?ii>  essential  for  an  ..nalytiraJ  treatment  of  the  problem.  r,o  such 

simidifiedtim:  i?  necessary  when  simulations  am  being  earned  out.  Indeed,  one  of  the  reason?  f«r 
simulation  arise#  from  a  dc-irc  to  uiilur  other  jnt«ol  proresscs. 

5..mr  rema  fc*  about  the  assumpthm?  concerning  o-  service  time  are  in  order.  We  have  assumed 

inns  earn  of  the  programs  /*. . !\  is  .unstrained  t«  run  in  a  memory  smaller  than  its  length. 


I.e..  tor  all  i.  s.  <  L  l  nder  the  demand  paging  assumption,  a  page  is  moved  from  the  auxiliary  memory 
to  main  memory  only  when  it  is  needed  and  not  already  m  mam  memory.  Whenever  P,  references  a 
missing  page  while  the  portion  of  main  tnem«»n 


r-*Pe;5  to  P,  is  #£f;’ed  In  its  <r. 


replaced  by  the  new!\  referenced  t 


5  area  of  the 

P?  loCSllV 


lie  replaced  can  «wiiy  he  one  of  the  s  page 

algorithm  is  said  to  operate  locally.  If  the  replacement  ibmthm  -  applied  to  ' 
wan  memory,  it  is  said  to  operate  globally 
lime  interval  during  whirls  the  CPI  ear,  continue  t««  proce 

not  contained  In  main  memory.  Thu#  program  P ,  under  *  reri!aeem«it  algnptbin  which  «n 
in  a  reaon  of  size  gives  rise  to  a  sequence  «f  evet  ution  intervals  independent  «.f  the  «lj«-  nc™»tain« 
Although  the  length  of  an  execution  interval  of  program  P.  is  independent  of  the  length  ofanoxecaiNXi* 
interval  of  program  P  .  j  *  /.  under  a  ne|d«eeinent  aJp.riihm  that  operaies  kw-aDy,  suemshe  execution 

combined  sequence  of  execution  intervals  »«f  the  set  of  S  pmom*  whirh  c  ■  -■>  th»  ...  ~_,.~ 

liiad  is  independent.  i.e„  that  successive  execution  intervals  are  indctwitdcni 


a 
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rc|»la<‘t?inrn!  algorittiist  whirh 
identically  dfelfibuied,  the  JIsii 
iff  the  rstNJHelillal  dlsiribuiiofi 

appropriateness  of  th, 
his  arguments  beina 


I**s«.  under  a  giver 


*  :» 


limn  tiring  exponential,  I|  cjicHik,  „ 


hi  ion  tne  j,  stitch  cumiifi 

_nd  exponential  assumDlli  * 
•me  ••  mpirimi  ilata. 


*«;  and  a  sj 

w«Miw  esecuiion  intervals  are 
ed  that  the  parameter 
iory  partition  The 
rave  neen  discussed  by  Smith  (7| 


*  t  I  .  ■ |  "■ !  * : 


III.  THE  COATRCJL  MODEL 

inecumiim  node!  «w  Figure  4»  consists  of  tw„  sequential  stages,  mh*  stage  acting  as  a  single 
server,  l  tie  system  serves  a  constant  number  .V  „f  customers  I V  3»  2>.  each  of  whom  goes  thznsA 

I’""1  *"  seq0™"'  and  ,hen  Mun*  !ilr  fif5t  »*«*-;  th»  pwm  b  repeated  continuously.  It 

7  a^::K'  V:"!‘  *^np,Hi™  '4‘ CPL  ^ke* 3  *Pn«l  nan«  instantaneously  from  singe 

I  to  the  tail  of  the  h,  stage  2.  and.  after  DTI  service  a,  that  stage,  back  i„  the  fall  of  the 

in  stage  L 

An  analysis  of  this  model  b  given  by  Shedler  {5|  under  the  following  assumisiwis. 

I’robahilbtic  Assumptions: 

US  The  successive  DTI  service  times  are  assume.!  to  be  independently  and  identically  distributed 

as  a  random  variable  T  wills  aridtrary  distribution  #■>•»>.  i.e.. 


/.!/>  =  i'|F«  ?! 


its  are  assumed  to 
tirnlia!  distribution 


distrihuf 


ed 


«wn  t>f  control  variable 
traduce?  some  notation. 


\1  e  slate  as  i  f  ■  * 
method?  to  fit 


i  two  rrsui«.«  tram  {5}  which  he 
’  of  ine  iimhfai  model.  The 


Definition 
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and  Rrix)-l -Fax)  « 
surviror  funclkio  rf  the  e 


respectively.  the  density  tadj«,  ' 1  ■  dfetri 
distribution  hitb  Daimderi,  *  and  r.  Let  F«lrl 


»  luacttoo.  mao 
-FxUl  =  0  end 


Ct=  |  I  FtU)  —  Ff  Ji'i )  dFjtn  <L  —  u,  I. 


Then  let  C,  <i  =  u.  I, 


a  —  ill* 


:  defined  Ir. 


i  ■  r  <: 

Ct~  til  ~G\  iC:  Cj 
C,  =  ( <1  -C,  )CZ  -  G£x  UC-. 

far  i=4. 5 . V- !. 

THEOREM ;  Let  A, It)  A^tt)  be  she  total  amount  «rf  tine  (to  lb  CPI'  tresn.  DTL. )  I*  L*»; 

daring  the  toterral  (0.  ti.  Thru 


A 

'*  1  p+hii-pemn 

..  £(J:(r  if  t  S  — 

#»*•?  +  ti  —  psiElTl 


tUWf 5B,=  ■ 


d  the  C.  an 


IV.  APPLICATION*  OF  CONTROL  \  ARIABLE  METHODS  TO  MONTE  CARLO 
SIMULATIONS 


2 

si-> 


Hw  mariaatrr  «f  ifcr  retrain?  B"  h  ^  Varf  JTJ  a.-i  ilm*  b  j*  rlrar  tfctf  tbr  ras  §*►  »- — j«  - 
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by  (1).  We  select  an  approximate  model  for  nine1!  it  is  possible  to  calculate  (analytically  or  numerically) 
the  expectation  of  If'*.  C[IF*].  relatively  easily.  It*  bein':  the  response  variable  of  the  model  approx¬ 
imating  that  giving  IF,  Although  it  is  in  practice  likely  that  the  distributions  of  If  and  IF®  will  be  similar, 
the  basic  requirement  is  only  that  fF  and  If  '  be  well  correlated.  Having  chosen  a  control,  then  simulate 
IF  and  IF*  using  the  same  random  numbers  H.  That  is.  the  input  values  A' are  identical  across  realiza¬ 
tions  to  as  great  a  degree  as  possible.  This  implies  that  IF  and  JF*  will  be  correlated.  We  then  may 
estimate  £[IF]  as  follows.  In  the  present  ease.  £[11®]  is  obtained  numerically  from  the  theorem  of 
section  Ill. 

(5)  £1  !F]r  -  £[IF*1  ~  -  V  IV,  -  -  f  IF*  »  &!{'*]  ~  IF-  if  ®. 

'  '  "7?*  ' 

It  is  easily  verified  that  tin-  estimate  i5i  is  unbiased.  Further,  we  have 

(6)  Var{£[JF],.}  { Varf/F]  -r  \  arf/f  +] -2eov[/FJF*]}. 

so  that  an  improvement  over  straightforward  simulation  lias  been  obtained  if  If'*  has  the  property  that 


(7) 


cov[/r.fr*i  i 
var[/F*]  2' 


In  Table  1  we  give  results  of  experiments  for  straightforward  sampling,  in  terms  of  which  the 
other  methods  can  be  assessed.  We  display  an  estimate  F  of  Yar[7!  ]  obtained  from  3  set  of  m  ~  20 
independent  observations  of  IF  along  with  1/  the  mean  of  the  m  observations.  In  one  ease  the  response 

TABLE  1.  Assessment  of  Straightforward  Sampling 


X; 

LTt  l  !iltz-4!i>>!i 

DTI  i  lili/aiion 

t/ 

i 

1/ 

2,00 

hSJ*Q 

!  .fL«i)H  % 

Vl.iUt  O.O'i  ITS 

I.Ot* 

•n.two 

I.Wil  t 

l.7.K«iv> 

(I..A0 

•n.765 

ij.ni  i'»:’ 

tS.8<r.>  O.uTMO 

variable  IF  is  CPU  utilization  and  in  tin-  other  ease  the  response  variable  If  is  DTU  utilization.  In  both 
cases,  the  system  input  variable  A-  is  the  exponentially  distributed  «;  service  time.  For  pwitive  integral 
c,  CPU  utilization  Uriel  is  defined  bv 
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nlic-re  .*/.(/,.)  is  liter  tola!  amount  of  tiim>  that  the  CPI 
interval  (0.  /,).  and  ,r  is  the  epoch  of  simulated  ,;me 
sen  ice.  D I  L  utilization  i  do)  is  defined  similarlv  |,y 


renders  service  i  **, 
at  which  the  (r-H 


0z.  or  fit)  the  tim 
th  customer  begins  ids  a 


L  j  t  r  t  ; 


/  ■  1 1, 


I  Of!. 


tpjj  dtiriti”  the  time  interva 


nde|)C!)dent  rejli/.a 
s'-mce  distribution 


w  here  /,.)  is  the  total  amount  of  time  that  the  I)'!V  . ders  ser  h 

(0.L). 

Mi  results  displayed  it.  this  paper  are  for  the  ca-e  r  -  .'»(),  are  bas.-d  on  „ 

•ions  of  ‘r,.  and  are  for  the  case  in  * hieh  tie,  degree  „|  mttltipropramnd-,-  \  Js 
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Ihe  duration  of  the  dominant  overheat!  service  «,  u  ft  |  a)M|  dtirni  ‘  '  j  'V 

i  •  ».  *  ”*  *  *  HIP  (1  lira!  ion  «il  4HS  c  H,  nr  il  L  iifl- 
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tenmnatton  of  each  realisation  when  the  ir-  1  »tl,  customer  was  aim,,.  s,a„  ids  .7; 

valm,  o,  CPI  and  Dir  utilization  which  differed  only  slightiv  front  tiu.e  . .  ,/ Z  ,  £ 
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Table  4,  Assessment  of  Straight  Control 


CPU  Utilization 

DTUUiii 

iulian 
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1 ■ 

.1/ 
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.  -  ■- 

2.00 

63.279 

0.01497 

95:460 

O.IN10W 
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it  It  straight  control'estimate  (/-—  1. 2. ,  .  ..  iti—20)- 

§  Miryj' 
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The  fornrof  (7)  suggests  another  possibility-  for.  iinproVihg^precisipfli 
of  the  form 


■thfi  oft  g;  esjTlCtfonr 


<8;  c[ic]  r=  ir~fs{ir*-E[iF*} ) , 

wherejS  is  selected  to  minimize  the  variance  of  the  estimate  A’[/ft']r.  If  tin-  OptimunijS; 

_  cov  r/r.  ri 

P°~  Var[r*] 

is  used,  the  resulting  optimal  regression  adjusted  control  estimate  has  variance 
(9)  Var  {£[Jnr.«}““  Var  (If]  {1  —  (corr  [IT. 


and  therefore  will,  in  theory;  always -he  an  improvement  over  simple  estimates.  Although  Var(/r*J 
is  presumably  known,  the  required  covariance  will  not-be  known  and  must  he  estimated  from  data. 
The  realistic  estimate  uses  an  estimated  optimum  and  is  of  the  form 


E[W]  r,a=W  4-  E[lT’*])f 
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where 

h  _  14,  Uf'j- &)  (/Pj*-  £[7^*1 ) 

Var[/r*] 

II  should  be  noted  that  the  realistic  estimate  (10)  may  not  be  unbiased  although  the  bias  decreases 
as  the  sample  size  n  increases. 

Results  of  experiments  on  this  control  and  regression  method  are  pven  in  Tables  5.  6.  and  7, 
H  e  again  use  the  simple  cyclic  queue  model  (Figure  4)  as  a  control  for  the  overhead  model  (Figure  2). 
Weth  en  compute  a  regression  adjusted  estimate  of  the  form  (10).  where 


Table  5.  Regression  Adjusted  Estimates  CPU  Utilization 


A; 

Err*) 

tr* 

r 

lot! 

49.900 

—0,9291 

52.130 

991 

63.43! 

87.000 

5 

SB 

91.090 
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—0.5252 

992531 
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Table  6.  Regression  Adjusted  Estimates  DTU  Utilization 


D 

£[*-*] 

r* 

r 

Wb 

2.00 

1 

-1.0431 

98.735 

91.282 

1.00 

87.000 

-0.99W 

i!5.807 

79.019 

80.201 

0.50 
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-0  8603 

49.233 

-- 

— 

46.077  | 
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Table  7.  As  essment  of  Control  and  Regression 


CPU  UtiBzatlnn 
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.1/ 
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2.00 
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0.00987 

1.00 

93.396 
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997Jf7 

0.00127 

40.113 

0.00357 
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1  ,s  n',s  kn,,wn*  in  ,he  caw  ">  siraiglii  contra),  we  also  display  on  estimate 
.  "l  ”  AiW  M-rttooed  ftom  a  Se,  m=20  Independent  observations  of  £[#1,  along  wit!,  1/ 
i  he  mean  ■  a  the  m  obscrvatidns-  Since  the  Was  ofihe  control  and  regression  method  appears  M^bc 

TUr'TT"  ?*  ! a1,1'  '  4  and7sug&***  dial  an improvement  overstrain  contra)  is  ohialnahk 
t  tr.i  method  ..I  ^umara.n  sfudiet)  in  fhts  paper  hrcdfpdrates  the  notion  of  aniitheties  with remission 
adjust^ .^nt^|J^  9, 2?.  afitaitclic"?^imat>s^  JFV> and^Uare  overaged  to  obtain  IF,. 

|rSl ^  :nf;ra„w|  „ll|ain  an 

1 .  1  *"**?  r* -ri  'M.-n  adjusted  cphlral  df  the  form  (ll)  is  applied  to  the  IF,  and  l^  the  antithetic 

and  regressinn  adjustetl  estimale  of  ZT[n"]  l,eing  ‘  . '  .  V;. 


where 


iWr-=F+jS(i?«-£ir]). 


2 ,r  2«v 

u„d»  - . 

It  H 

Some  results  of  experiments  on  this  technique  are  reported  in  tables  8. 9.  and  10,  hose,  however;  that 
each  estimate,  *{ff  results  from  the  computational  work  of  ICO  realizations  (50  for  the  overhead 
model;,  Mtereas  each  estimate  F[fF}e  ft, r  straight  Contnd-and  fc*[rjr  for  regression  adjusted  contra! 
result,  from  the  computational  work  of  hut  50  realizations  Tim  gain,  if  any,  obtained  from  tire  anti- 
theire  device  along  with  Ft^resslon  adjusted  control  thus  appears  to  be  small 

fABt£  8,  Anfriheftc  and  Regressktfi  Adjusted  Estimates  CPU  Utilization 
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2,  FORMULATION 

II  is  desired  lo  formulate  inventory  decision  roles  for  multi-item  inventories  subject  to  specific 
constraints.  The  rules  will  be  of  the  reorder  point,  reorder  quantity,  continuous  review  type.  We 
assume  that  ail  demand  which  occurs  when  the  on-hand  stock  Is  zero  to  backordered.  As  suggested 
In  the  Introduction,  the  ibimulalion  to  be  used  involves  the  minimization  of  total  time- weighted  shortages 
subject  to.  (it  total  overage  Investment  cost  less  than  or  equal  to  an  investment  limit,  and  (lit  total 
number  of  orders  placed  per  unit  time  less  than  or  equal  to  a  reorder  workload  limit. 

The  specific  form  of  the  m«  do  depends  upon  the  assumptions  about  the  item  demand  character, 
fcties  and  the  expressions  used  for  the  total  average  on-hand  inventory  level,  total  number  of  burs 
per  unit  time,  and  total  time-weighted  shortages  per  unit  tithe.  The  first  assumptmi  is  that  the  distri¬ 
bution  of  lead  tithe  demand  is  normal  ■  ft  .  cf  for  all  Hems,  The  foDowing  notation  is  used  throughout 
the  paper.  For  the  t'4  item  let; 


Ci=  itetn  unit  i  t i-l  jn  dollars. 

Aj— mean  donaiid  per  uni!  time  in  unit'; 

W“mraui  leadthne  demand  m  unit-* 

0-1= Standard  detriati  in  «j  Icadtinn*  demand  tti  units; 
d’ifil—  probability  that  ieudiicie  demand  exceeds  r,: 
i  re**rdcr  {mint:  and 


Alsd  let 

Kt^mnstmoA  limit  in  dollars,  and 
iv -  =  reorder  »-ukh>at!  constraint. 

V7hh  a  continuous  review  inventory  polky  an  order  to  placed  after  the  demand  of  Q  units  of  stack. 
It  follows  then  that  the  expected  number  of  cadets  placed  per  unit  >ime  is  X)Q.  For  a  multi-item  in- 
vontijry.with  ^  hems,  the  total  expected  number  of  orders  placed  per  unit  time  to 


-V 


#=! 


Inventory  investment  to  the  prieed-otn  value  of  the  r.,tal  expected  on-hand  inventory.  As 
l*y  Hadley  and  Within  [5]  with  continuous  review  the  expected  on-hand  quantity.  E{OH ).  to  given 


ElOH)- 


,  Q 


where  B(Q.  r)  to  the  cxpr&sioa  for  the  expected  rbrntasm  at  any  point  In  time.  If  lead  time  demand 
normally  distributed  It  can  he  shown  fS|  ?>>■** 
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6{x)=~-^ » 
\2s 


❖(/•)  =  f  Mx)dx. 


rbe  expected  en-hand  quantity  espresaon  mm  he  mapCGed  by  omitting  the  Big  r)  term  a 
appruslnwtlw  k  reasonable  if  the  risk  of  stockout  «  n«  too  large.  Tins  ajmmpiion  a  eta 

I  imtpboui  the  paper.  With  this  assumption  the  total  inventory  investment  »  then  sawn  I 
expression 


2r  “  M.t. 

4*  i  * 

l  he  expected  number  of  backorders  at  any  j-.im  it,  time  may  be  explicitly  determined  fr. 
steady  *tme  probability  distribution  for  negative  net  inventory  Ievds..Hwfle»  Jnd  Whitin  IS 

T  *l'V  ‘1"d  rfemandia,  a  normal  distribution.  the  time-*, 

Shorta^  e*pf««oo  ,s  given  %  Equation  Gl  If  the  r.sfc  «,t  Stockout  m  not  brae,  then  il* 


fiw  the  ill,  item  m 


Zi'Qi.  n)  ■ 


(f»-  r--  r*I«  The  multi-item 
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*  hidus  a  form  of  the  Wilson  economic-  lot  site  formula,  The  yattfi 
in  be  the  same  for  all  hems. 

From  the  reorder  constraint  and  Equation  i6t.  we  then  write 


4  ^  A  r  i 

X  7  —  ft.,,  or 


Xlie  determination  sf  h  then  hrcs  !I 
slon  rambles  from  the  problem,  Le, 


on®  «t  of  deck 


£  VArt 

"4r-  \ 


gt(n — r,\r,~  —■  ? 

.  i  z  *  *» 

where  r-  (r,,  r-.  . 

The  investment  constraint  above  can  be  rewritten  to  the  simplified  Fan 


where 


git?) — • AT— V  c;r,- a* 0, 
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The  multidteni  problem  with  fixed  order  qutntities  can iw*- be  stated  i 
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The  conditions  under  which  the  sequence  of  unconstrained  minimizations  converges  to  the  solution 
of  the  original  problem  are  given  by  Fiaeeo  and  McCormick  {[2]  p.  602).  Applied  to  our  problem  the 
basic  theorem  states  that  if  tl)  the  feasible  solution  space  is  nonempty.  (2)  the  objective  function  is 
convex  and  the  constraints  are  concave  ami  both  arc  twice  continuously  differentiable,  and  (3)  if  the 
penalty  function  is  strictly  convex  for  all  m>0,  then  til  the  penalty  function  has  a  unique  minimum 
for  every' m  >  0,  and  t|i)  in  the  limit  asm-**  and  pm  — » 0.  the  unconstrained  minimum  is  equal  to  the 
minimum  of  the  constrained  problem. 

The- first  condition  requires  that  tin*  investment  and  reorder  constraints  together  represent  a  fea¬ 
sible  problem.  The  third  condition  is  satisfied  if  the  second  condition  is  satisfied.  Thus  everything 
hinges  oh  the  convexity  of  the  formulation. 

Equation  (4)  is  linear  in  Q  and  r  and  Equal*  :  Co)  is  concave  in  Q.  Together  these  constraints  form 
a  convex  region  of  feasible  solutions.  The  objective  function.  Equation  (3).  is  convex  if  its  Hessian  is 
positive  semidefinite.  The  Hessian  of  ZAQt-  n)  is 


where 


7=2,= 


‘iMr.t 

Q 


Qf 


tti(n)  2/3;  (n), 

or  QT 


«('-.)  Wr )]  =^(~r)  ~  (/ 

The  elements  of  the  Hessian  are  nonnegative  for  Q  '•*  0  and  all  r.  The  determinant  |7-‘Z;j  is  evaluated  as 


where/(r)  =  2/3(r)4>(r)  —  a~(r).  Tlie  determinant  is  tionncgative  if  fir )  is  nonnegative. 

Proceeding  in  the  manner  suggested  by  Brooks  and  Lit  [1  j.  the  derivative  of  f(n)  is  determined 
to  be 


df(r,) 

dn 


which  is  negative  for  ail  values  of  n  since  ft ,(r,)  and  <h,(n)  are  iwsitive  for  all  finite  values  of  n. *  It 
follows  that/(r,)  is  tmninereasing  for  all  r„  Further  it  can  he  seen  that  lint /{r,)  —0,  so  this  together  with 
the  fact  that  J(r,)  is  nonincreasing  implies  that  fin)  30  for  all  r,-.  Thus  the  determinant  of  7=2;  is 
positive  semidefinite  and  the  function  Zj[Q„  rf)  is  convex.  It  follows  that  the  objective  function  ZiQ.  r ), 
which  is  the  sum  of  convex  functions,  is  convex. 

The  computational  algorithm  proceeds  as  follows.  Begin  with  an  initial  feasible  solution,  {(/».  a,}. 
Select  an  initial  p-value.  dependent  upon  {(?n.  r0}.  Minimize  the  unconstrained  /’-function.  Iterate  on 
p-values  using  pm*i  —  paid.  where  d>  1.  Terminate  comp*  tations  ir  the  lnmnds  created  by  the  primal 
and  dual  solution  values  satisfy  a  preselected  convergence  criterion. 


'Clearly  <Mr;).  the  normal  density  function.  is  iionm-p.uite.  The  timc-wriphtiil  shortage*  term  is  by  ilcfinilion  nonnecative. 
To  show  this,  apply  the  derivative-limit  arpument  twice  more,  first  on  the  fiAr,)  term  and  then  on  its  derivative  —0,(0),  yielding 
finally  a  'I'.fr,)  term  whose  sisn  is  clear  I  y  nonnrpdlhe. 
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The  basic  mechanics  of  the  algorithm  are  given  in  Reference  |2j,  extensions  and  the  use  of  extra¬ 
polation  for  accelerating  convergence  are  given  in  Reference  {3|,  and, computational  experience  is 
presented  in  chap.  8  of  Reference  |4j.  A  computer  code  called  SUMT,  Reference  [7],  (Sequential  Un¬ 
constrained  Minimization  Technique)  is  available  for  IBM  360  and  CDC  6600  machines. 

Exumplr,  We  employ  llie  same  three-item  problem  that  was  given  in  section  3.  The  difference 
of  course,  is  that  the  problem  was  previously  treated  in  a  simplified  manner  using  fixed  order  quan¬ 
tities  while  both  the  order  quantities  and  reorder  points  are  decision  variables  in  the  present  treatment 
of  the  problem. 

The  problem  was  run  on  the  Research  Analysis  Corporation  CDC  6600  computer.  Starting  with  the 
feasible  value  Q>  ~  600.  ri  =  200,  fL=270.  r-  =  260.  Os =300.  and  r-  =  400,  the  initial  solution  has 
the  vain*-  Z  ~  17.808  unit  years  of  shortage  |»er  year.  The  sequence  of  iterations  proceeded  as  follows: 


i 

iteration  * 
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Q, 

r* 

Q- 

fj 

0* 

r3  1 

i  i 

i  j 

1 

1 .0000 
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24-1.02 

268.75 

265.99 

305.08 

416.53  j 

t 

;  o  { 

”  5 

0.0625 

13.1337 

537.59 

252.11 

247.39 

276.18 

286.57 

435.13 

* 

i  n  i 

0.0059 

- 

r 

13.0175 

533.44 

252. 73 

_ 

245,70 

276.96 

285.13 

436.52 

4  1 

0.000244 

13.0102 

53.;.  IS 

’K'J  TT 

*  i 

245.60 

277.01 

285.04 

436.61  ! 

1  5  1 

0.000015 

m mi 

- 

533.16  ;  252.78 

245.60 

277.01 

285.04 

436.61  ! 
_ _  1 

The  iteration*  converged  rapidly  and  the  computer  time  was  small  (1.6  sec). 

5.  IMPLEMENTATION 

Two  nuKlcis  have  been  presented  for  multi-item  inventory  control  under  continuous  review.  Both 
models  were  formulated  in  terms  of  operational  constraints  thought  to  lie  realistic*  of  actual  operations 
(at  least  in  military  supply  systems).  A  realistic  formulation  is  a  necessary  first  step,  hut  the  models 
must  be  capable  of  implementation  by  the  inventory  system  which  they  seek  to  represent.  A  multi- 
item  inventory  in  that  system  could  comprise  anywhere  from  3,000  to  70.000  items.  Directly  employing 
either  of  the  models  presented  with  an  inventory  of  70.000  items  is  not  anticipated.  It  is  suggested  that 
the  inventory  analyst  work  with  a  sample  of  the  items  and  the  apprupriately-sc^b**4  values  of  the  con¬ 
straints.  After  obtaining  a  solution  of  the  "sample"  problem,  the  results  would  be  interpreted  in  some 
way  so  as  to  produce  stocking  policies  for  all  the  items  in  the  inventory  system.  Schemes  for  determining 
policies  for  every  item  in  the  inventory  based  on  the  solution  of  a  sample  problem  will  be  developed 
for  each  model. 

The  first  model,  presented  in  section  3.  represented  a  simplified  treatment  of  the  general  formula¬ 
tion  in  that  the  order  quantities  were  not  optimized.  The  model,  because  of  its  simplicity,  is  easily 
implemented.  First  select  a  representative  sample  from  the  |*opulaiion  of  items.  Item  demand  and  unit 
cost  are  probably  the  most  important  characteristics  to  consider  in  deciding  whether  or  not  a  given 
sample  is  representative.  The  simplified  model  of  .section  3  would  then  be  solved  using  the  sample 
inventory  and  constraint  values  sealed  down  in  proportion  to  the  sample  size,  Thes  dution  of  this  problem 
yields  order  quantities  and  reorder  points  for  the  sample  items,  but,  more  importantly,  yields  values 
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of  the  two  constants  needed  to  generate  policies  for  all  of  the  individual  population  hems.  The  quantity 
h,  which  is  used  to  determine  order  quantities  from  Equation  (6),  can  be  interpreted  as  the  ratio  of  the 
square  root  of  twice  the  ordering  cost  to  the  inventory  holding  cost,  as  imputed  by  the  reorder  workload 
constraint. 

The  other  constant  determined  by  solution  by  the  sample  problem  is  the  Lagrange  multiplier,  q. 
Reorder  points  for  all  of  the  items  in  the  population  are  then  determined  from 


on  <r,  I  =  -jj/iVAjC,', 


which  is  a  form  of  Equation  (10).  The  Lagrange  multiplier,  7j,  may  he  interpreted  as  the  shortage 
cost  imputed  by  the  investment  constraint. 

In  summary,  the  solution  of  the  sample  problem  determines  the  constants  h  and  tj  which  are  then 
used  to  determine  ((?,  r)  policies  for  all  items  in  the  inventory  system  from  equations 


<>:--= /«v- 

re(n) = tjAVajc;. 

Solution  of  Equation  (13)  requires  numerical  methods  of  the  sort  described  in  sections.  Determinailda 
of  the  appropriate  sample  sire  is  to  some  extent  dependent  on  the  requirements  of  the  user.  In  general, 
sample  sires  of  between  5  and  10  percent  should  be  satisfactory  and  should  result  in  feasible 
computation. 

The  more  general  model  of  section  4  allows  for  optimization  of  both  the  reorder  points  and  reorder 
quantities.  A  priori,  this  more  general  mode!  will  yield  better  policies,  burrequire  more  computational 
effort.  Successful  implementation  depends  upon  efficient  computer  programs  for  the  sequential  uncon¬ 
strained  solution  of  the  sample  problem  and  the  subsequent  policy  calculations  for  nonsample  items. 
The  determination  of  optimal  inventory  policies  again  begins  with  a  sample  problem,  but  with  some 
restriction  on  the  item  sample  size  which  will  be  discussed  later.  Once  a  sample  has  been  selected, 
the  -SI  .MT  program  is  utilized  to  solve  the  sample  problem  yielding  optimal  reorder  points  and  reorder 
quantities  for  the  sample  items.  It  then  remains  to  use  the  results  of  the  sample  problem  to  determine 
policies  for  each  item  in  the  population  of  items  winch  constitute  the  inventory  system.  This  step  Is 
facilitated  by  the  convergence  criterion  employed  in  the  RAC  SUMT  program  Reference  [7]. 

Associated  with  the  primal  (original)  problem  there  is  a  duaL  The  dual  employed  here  is  given 
by  Wolfe  [9]  and  is  suggested  by  the  Kuhn*Tueker  sufficiency  conditions  for  convex  programming 
problems.  If  we  write  the  primal  problem  as 


(6) 

and 

(13) 


min  Z(Q.  r) 

subject  to  g(0-  r)  2s  0  j=  1. 2. 


min  L{Q.  r.  u)~Z(Q .  r) 


««((?.  r) 


then  the  dual  problem  is 


MULT!  ITEM  POLICIES 
subject  to  vHQ,  r,  «)  =  Q 
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FJaeco  and  McCormick  «2J.  p.  602)  show  that  if  min  Z(Q,  r)»Z*  then 
HQip*),  r  (p*),  tf(p.l)  Z(Q(pm),  r(Pm)). 

The  Lagrange  multipliers  Uj  are  related  to  the  SUMT  soluUon  of  the  primal  problem  by  the  equation 

A- 

h  is  therefore  possible,  at  each  iteration  in  the  sequential  unconstrained  minimization  process,  to  com¬ 
pute  the  value  of  the  dual  The  primal  and  dual  solution  values  bound  the  quantity  Z*  and  may  thus  be 
employed  in  a  convergence  criterion  to  terminate  the  SUMT  minimization.  The  final  SUMT  solution 
yields  the  mptimaT  multiplier  values.  These  multipliers  can  then  be  used  to  determine  policies  for  all 
of  the  non-sample  items  in  the  inventory-.  To  see  this  we  heed  only  write  the  Lagrangian  function  for 
the  original  problem  formulation  given  in  section  2.  The  Lagrangian  would  be 

L(Q' e)=|^+Ul 

The  first  order  conditions  give  the  optimal  reorder  quantities  and  reorder  points  as 


(14) 
and 

(15) 


2fas»i+ft(n)n«» 


«lC| 


ai(n)=u,aQl. 


To  summarize  then,  the  SUMT  program  is  used  to  solve  the  sample  problem  and  yields  optimal  policies 


tfS 


1  "5)  “  <i',ermi“'  r,”:  ,Ws  ***"  “  **#  %  Hen«hm.  The  re.olt.ot 

,  “  “  *“  “«l  "  El”*™  M)  to  deteraioe  <p>:  do,  .rdwfeo  fa  arigbtfonmd.  Ooe  continue. 

:  -f  pooc^ve.  0  fair*  M I  to  -W  Compote  e^enc.  h„ 

snown  convergence  to  be  very  rapid. 

A  proof  of  tfa.ws.ne.  fa  dereioped  „  folk™.  If  plotted  Sr,  Q;  co^dhwos.  E^ofahm,  (It) 
Md  (15)  »wdd  appear  as  show,  a,  Figure  1.  It  may  be  verified  lh«  g<  n  ■„,!  gj n  r„.  ,n 
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FKWEl.  1*^  Of  Equojk**  ,J4)  ar»l  05)  UM  iuJintU,*  ,4  the  M.lutirn 

«r  r,  for  b«b  (14)  and  (15)  Further,  i,  Is  dear  thal  Equation  04)  is  „„ 


is  asjmpioiic  to  the  value 


n-(2u-k,  ...  -  ~~ 

V  «*c  I  “  r"*X'  J‘‘  &IUali°n  m  fe  “>  9=0  as  we  associate  <?H  with 

Equation  114)  and  </,-  with  Equation  «15i.  then  for  large  values  of  r  Qa-Q  <0  If 

that  lor  laris*  «  *,  ..  ?  vti  ^ W,  if  wc  can  -^Iiow 

- 

a<r)  — [/'+n0(r)]i“,  where  a  and  p 

"  ^  "  ““  U  *«  »  «*  «-  -  r— .  ^  thettm, 

^  ^ - *» ' -  ^ »•  : Tt  ^h.  Md«.  0,,-o^o.to, 

t  e  audience  of  at  least  one  simultaneous  solution  of  Equations  (14)  and  tJSL  urthpr  .  . 

possibility  of  converging  lo  a  focal  non-glofaai  solution  because  the  ‘  ^  Ure”i  “  "° 

which  is  preserved  in  the  Ugnutgian  function,  insures  tlcT  , ^ 

Two  final  comments  remain  to  be  made.  The  first  comment  in  I  »  f “  *' gk*baI^ solution, 

for  tfie  model  of  sect  km  4.  Hie  SUMT  mwm  Sh-  u  ***  of  the  sample  problem 

miration  of  the  P-ft motion,  employs  dm  generalised  ^ 

Hessian  malm  of  the  P-funrtion.  Tim  Newton  move  normal!.  mwsi‘m  ,h* 

muhiptjcattons  and  additions  where  n  k  the  number  „fj  •  q’"r<  >  ""  **01^  k6"*®*  and  n3# 

»w,vis  ^ 

»f  "»  "<«-  •**  ™  be  LP"“i°°  ^ 

particular  funuula,™  caa  be  ^  ^ucc  „«  *  “,' 

rr, (urn-mem,.  McCormick  [61  hasdouu  (bar  mx,7.  ,  *"d 

and  addition,.  »d  dm,™,,  arc  required  r„  2  „  *  '  ’T  l4,V  ""“l*"*™ 

Wbilc  still  somewhat  restricted  in  Sae  ramriic  imbu™  r  °”  "v’r.T1  liir  "KK,I'!  of  “t***  4-  Thus. 

be  pravtica)  ilbc  standard  "P  >«-'-»»  »™»  (I  W  rariables)  shrrdd 

'■  '  program  is  restricted  orcsentlv  to  100  may,  -  -  j . 

computation  time.)  '  '  dr,a‘*"^ ,n  wnsideralton  of 

computation  of  the  problem  of  ^Zi4WI,h^1^^,^||t<rf  *  *  feasible  wlu,i"n  SUMT 

secimn  4.  Jt  seems  that  solutmn  of  ,he  simplified  model  of  section  3 


(for  the  sample  problem  only)  may  be  the  anH  1  ,  _  , 

zzzzz. :±stzdy  ~ 6ra  ~  “ 

=Ltz~z  zrjsr:  i 
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The  tadem**  transportation  pn.ldrm «  pm  by  Hammer  [7]  » to  mmimae 


s—  Mat  *» 

is#  ;•»>»! 


'=1.2. - 


at 


I) 


2*,= A, 

ssS 


y=i.2. 


aw»0 

y  ai=y  b^W. 


at  -  iBwaffl  available  at  the  f*  sujtpiy  point. 
bj  rejfair,;4,,^nJ  ^  the  f*  demand  point, 

^transportation  time  from  supply  Mn.'  /  demand  p,«a  j. 

amount  to  be  transported  from  the  P  supply  p.*,,  lo  lhc/*  demand 


all  hi  the  data  I-  integer  (or  equivalently  rationalL 

1*1  btdowps  to  a  Hass  known  «  bottlenenc  problems  [2. 5],  Apptm 
A  transportation  problem  can  always  !*■  wTilten 


mUtm*  of  PI  are  ftfvea  In 
US  Stt  preMeftt  bv  aimrotiri-ttoii- 
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Increasing  its  sire.  Hence  Pi  can  be  transformed  inln  a  bottleneck  assignment  problem  and  solved 
by  the  algorithm  of  [5]  or  [6];  however.  such  an  approach  would  not  be  computationally  attractive 
since  the  sire  of  the  problem  is  increased  considerably. 

An  extension  of  PI  o  also  considered  in  [7].  This  problem  which  we  wiD  refer  to  as  1*2  can  be 
Mated  as  follows: 

Let  be  the  value  of  an  optimal  solution  to  Pi.  Front  all  optimal  solutions  to  PI.  find  a  solution 
(hat  minimizes 

CP21  a-  V 


Hammer  [/]  provides  methods  for  solving  1*2  (mid  thus  Pi).  Corrections  to  «7J  and  a  thorough 
review  of  the  East  European  literature  are  supplied  in  [9]. 

In  this  paper,  we  present  two  methods  for  solving  12.  The  first  ean  be  viewed  as  a  primal  method, 
in  that  it  generates  a  sequence  of  feasible  solutions  to  Pi.  By  solving  an  appropriate  (classical)  !ran> 
portaiion  problem  at  each  iteration,  a-s<>lution  to  1*2  is  found. 

In  the  second  method  Pi  is  solved  by  a  "threshold”  (2.  S]  algorithm.  Then.  a  solution  to  1*2  is 
found  by  solving  aft  appropriate  transportation  problem. 

2.  PRIMAL.  ALGORITHM 

In  tins  section  we  present  a  primal  algorithm  for  solving  P2.  It  is  similar  to  the  approach  of  R®* 
mansLi  in  |8J.  The  steps  me  as  given  befoc 

].  Find  a  starting  feasible  solution  X  ~  irji  to  fl.  This  ran  easily  be  dne.  for  example,  hv  using 
the  well  known  “Xortb-Wert  Corner  Rule.” 

2-  Let  z—  nias«fi{r^|iy  >0| 


f  1  iffo=2 
C^-S  Olf  tg<i 

\1/  tarbllrardy  large)  if  >  z, 

1  Solve  the  tiTOpHlftWD  problem  using  f."  ~  *  as  the  twi  matrix.  Dos  ran  be  done,  far 

example,  by  the  u— r  mrtimd  {!]  or  the  out-.f-hiher  method  14].  Cadi  this  sdution  X  and  pi  to  Step 4. 

4.  If  the  objective  Amm  value  is  rero,  g*»  to  Step  2.  Otherwise.  .V.  b  n  optimal  sohttfon  to  P2. 

It  is  dear  that  :  in  Step  2  decreases  at  each  iteration.  Thus  we  need  to  solve  only  a  finite  number 
foot  more  than  the  number  of  distinct  entries  in  7*—  It jjii  T  transportation  pnUenn  and  cooseqoenilv 
the  procedure  is  finite. 
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SOME  REMARKS  ON  THE  TIME  TRANSPORTATION  PROBLEM* 


Wludziiiiiriz  .ire 

The  University  of  tt’isconsin-Milmiukte 
Milu  aukee,  It'isconsin 


1.  INTRODUCTION 

One  of  the  last  issues  of  this  journal  contains  a  paper  of  P.  L,  Hammer  [5]  on  the  so-called  Time 
Transportation  Problem  (TTP).  Since  Ref.  [5]  does  not  reference  the  previous  work  on  this  particular 
probletn.f  it  may  be  worthwhile  to  give  a  historical  sketch  of  TTP.  Here  we  shall  do  this  in  a  way 
that  iaj  corrects  or  amends  some  of  the  deficiencies  in  fS]  at  the  same  time  that  we  (b)  align  these 
developments  \yitli  other  parts  of  the  pertinent  literature. 

The  Time  Transportation  Problem  (according  to  the  notations  of  (9J)  is  a  problem  of  finding  an 
m  x  n  matrix  X  —  {xij }  which  satisfies  conditions 

H 

^  xtj  — at 

j- 1 

(1) 

m 

V  xij  —  bj  j-  1 . ii 

and  minimizes 

(2) 

where 

(3) 


lx—  max  hi. 

V*U9X 


fl.r-{(t,y)jxy  >0}. 


JL 

Numbers  at  >  0,  bj  >  0,+  hj  &  0  are  given  and  J)  at—  2  bj. 

i  I 

The  TTP  was  posed  and  solved  in  1959  by  A.  S.  Barsow  flj.  Tlie  solution  method  was  based  on  the 
simplex  method. 

E.  P.  Niestierow  (7j  solved  this  problem  by  an  adaptation  of  Kantorowitch's  linear  programming 
dual  method.  In  J7}  there  is  also  given  a  method  by  !.  W.  Romauowski  based  on  the  reduction  of  TTP 


This  paper  was  prepared  when  the  autinr  was  a  ntemlier  «f  the  faculty  «f  the  ScIiimiI  of  Urban  and  Politic  Affair*. 
Carnesae-Mellon  University.  Pittsburgh.  Pennsylvania 

’The  only  two  references  mentioned  in  Ref.  !5|  do  tail  actually,  deal  with  the  TTP  itself. 
tSrnne  authors  assume  o(  ;•  0.  and  b,  »  0  hut  equality  Oi-  0  automatically  implies 

2  ‘ii-0 

J 

for  tins  particular  i.  in  which  ease  n«w  »  may  be  removed 
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to  a  classical  transportation  problem  with  a  cost  matrix  changing  in  a  course  of  the  iterative  solution 
procedure.  W.  Grabowski  [31  and  [4jf  solved  the  'FTP  by  transforming  the  problem  into  a  single  classi¬ 
cal  transportation  problem. 

The  author  of  this  note  presented  in  [8]  as  well  as  in  (9J  a  method  based  on  the  theory  of  graphs. 
This  method  consists  in  finding  a  sequence  of  basic  feasible  solutions 

(f)  A'i-Az.  .  .  ..As, 

where  A*  is  the  optimal  solution  of  TTP. 

The  same  author  proposed  a  slight  modification  of  this  method  in  [lOj.  According  to  the  modified 
metlmd  the  corresponding  sequence 

(5)  h r,-  /.v, . txL 


satisfies  conditions 

(6)  t.xf  =5  tXi~ ,  for  each  s=  1.2,..  ..  k  —  1. 

S.  1.  Zuklmvitsky  and  L.  I.  Avdejevajll] published  two  versions  of  a  solution  procedure  where 
the  elements  of  (4)  may  be  not  basic  solutions  (seme  of  them  may  have  more  than  m-rn  — I  positive 
x ij).  Paper  [9|  contains  a  proof  that  the  metliod  from  [8]  produces  an  optimal  solution  in  a  finite  number 
of  steps  provided  (6)  holds.  This  is  always  the  case  when  the  problem  is  nondegenerate. 

A.  Janicki  [6J  set  up  a  remarkably  efficient  computer  program  for  the  method  given  in  [9J.  He 
proved  in  [6]  the  finiteness  of  this  method  in  any  case  (including  the  case  when  (6)  doesn't  hold).  Tin's 
paper  using  some  idea  of  [6]  offers  a  new  and  simple  proof  that  cycling  in  TTP  is  impossible  (when 
one  solves  the  TTP  by  the  metliod  from  [10j).  So  there  is  no  need  of  using  perturbation  technique  for 
the  degenerate  cases. 

In  1969  P.  L.  Hammer  [5]  published  a  method  which  is  equivalent  to  the  method  given  in  [8]  and 
|9|  in  the  sense  that  they  produce  the  same  sequence  (4)  of  basic  feasible  solutions  provided  we  start 
with  the  same  initial  solution.* 

The  theory  of  the  method  from  [5]  is  based  on  three  theoreins.t  One  of  the;  theorems  which  sup¬ 
posed  to  be  a  justification  of  the  finiteness  of  the  method  is  not  true  as  will  be  shown  in  the  next  section. 
Another  theorem  of  (51  concerning  the  equivalency  of  a  local  and  global  optimum  is  true,  but  the  proof 
is  incorrect.  The  correct  proof  of  it  where  we  followed  the  reasoning  of  the  author  of  [5|  is  given  in  the 
appendix. 

This  section  contains  an  outline  of  the  method  from  (8). including  the  modification  from  |IOj. 
These  are  stated  all  necessary  theorems.  The  proofs  of  Theorems  1  and  2  ran  be  found  in  (9J  or  jlOJ, 


tT!«*  review  of  this  paper  appeared  in  Mathematiea!  Review.  Vot.  32,  Pan  II.  No.  OW?  iJ966t. 

*And provided  we  apply  the  following  devise  tsuhstrp  2.1.  from  (5|.  page  3471.  |n  case  when  there  are  several  li.fl  with  the 
maximal  fg  corresponding  t«  the  positive  Iwsic  variables  a«.  try  to  remove  from  the  basis  the  greatest  r„. 
tOne  of  the  tbetrrems  is  aetually  a  statement  but  of  great  importance. 
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whereas  Theorem  3  is  proved  in  section  3.  The  method  is  illustrated  by  a  numerical  example. 

II.  S.  Garfinkel  and  M.  K.  Hao  [2)  proposed  in  this  issue  a  solution  method  of  TTP  for  the  case  when 
at  and  bj  are  natural  numbers  (or  rational),  tall  previously  discussed  methods  work  for  arbitrary’  positive 
and  bj  ).  This  method  is  based  on  the  Ford-Fulkerson  labeling  procedure  of  finding  the  maximal  flow 
in  a  network. 

2.  SOME  REMARKS  ON  PAPER  [5] 

The  solution  method  of  [5J  is  given  as  follows: 

1.  Determine  a  basic  feasible  solution. 

2.  Find  an  adjacent  better  basic  feasible  solution.  [This  step  consists  of  4  sub-steps,  as  indicated 
below  in  substep-  2,1  to  2.4. ] 

3.  Perform  step  2  until  no  adjacent  basic  feasible  solution  will  be  better  tlian  the  considered  one. 
On  page  347  of  (Sj  then*  is  the  following  statement: 

"From  the  fact  that  every  time  step  2  is  tarried  out  the  value  of  //  -  /  is  reduced  by  at  least  1.  it 
follows  that  the  algorithm  produces  an  optimal  solution  in  a  finite  number  of  steps." 

The  following  two  examples  will  show  that  the  first  part  of  this  last  statement  is  not  true. 

Consider  the  following  4x4  TTP  where 
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and  where  ns  and  %  are  written  on  the  right  and  below  the  matrix  T. 

The  author  of  [5]  allows  us  to  start  with  any  feasible  basic  solution,  (see  page  348-bottom  in  [5]) 
Step  1.  We  start  with  the  following  basic  feasible  solution 


4  i 
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I  1  5 

1  11  I 

I  ,j ! 
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t 

f  1 

1  ! 

10 

1  «  1 

where  lit  — 1(1.1).  (2.2),  (2.4).  (3.1).  (3,3).  (3.3).  (4,4)}.  According  to  (8)  in  [5]  set  N  consists 
of  .'ells  (3.3).  (4,3)  (i.e..  cells  with  the  max  f;;  — 15), 

Proceed  to  step  2. 

-Substep 2-1.  Find  the  greatest  x,j.  l/./ieA’  which  is  Xn  —  10. 

Substep  2.2.  Determine  S*j  =  {(2,1).  <2,3).  (4.1)}  (i.e..  the  set  of  cells,  except  for  (4,3),  which  are 
at  the  intersection  of  arrows— see  next  chapter. 

Substep  2.3.  Find  the  element  ofS*.*  with  the  minimal  f#. 

This  is  (2.1 )  with  hi  —  3. 
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Substep  2.4.  Introduce  (2.1)  and  according  to  the  transportation  technique  remove  i4..ii.  The 
new  set  Bt  becomes  ft = fi,  +  { (2,1 ) }  —  {{4.3)}  and  the  adjacent  solution  is 


However.  As  ts  not  better  than  A,  since  fe=*,=  15  and  =  15  -  18=rlPl  =  15(10+  8). 

„fTark  L/kby  Perf°mu‘n8  substcP  2-1  •*  chose  Xxt  =  8  instead  of  ^=10.  where  both  (3J.  an. 
(4,3)  belong  to  N  then  steP2  will  lead  us  from  A,  toAI  which  has  asmallerp=10+4=14<  10+8=18 
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The  next  example  will  show  that  performing  step  2  we  may  get  even  a  “worse"  solution 
Consider  a  4  x  4TTP  with  the  following  data: 


Now  start  with 
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2.1  T/  '**'  f*’  ■*reL'h!  U*  prevkra  Perfomi^  Mep  2  ria 

+1,  U.,  2.3,  and  2.4.  we  obtain  the  following  result: 
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A*  is  worsr  titan  Xi  since  r-  =  i8 >  t,=  15  and  also  r-/j*  =  23 •  10  =  280  >iipt~  15  -  (10-4-8)  =  270, 
As  we  have  shown  step  2  doesn't  imply  a  decrease  of  the  value  {>  -  I.  Tins  means  that  the  cited 
statement  on  page  347  of  [5]  cannot  serve  as  a  proof  of  the  finiieness  of  the  solution  pmcedure. 

Remark  2.  Let  us  return  to  the  second  example.  We  may  prevent  the  objective  function  <2t  from 
increasing  by  removing  0  from  the  basis.  The  new  basic  variable  x ],  will  he  zero  and.V-  =  ,Vj. 
Tins  rule  makes  the  only  difference  between  the  modified  method  in  [10]  and  rite  original  methtfd  in 

[9]- 

Sequence  <51  which  satisfies  (6)  may.  however,  no?  strictly  decrease. 

3.  OUTLINE  OF  TTP  METHOD* 

Before  we  start  with  our  own  solution  procedure,  let  us  introduce  some  definitions. 

Let  A'  be  a  basic  feasible  solution  w  here  B  is  a  set  of  \i.j)  of  all  basic  variable  ay.  We  wiU  denote 
such  a  solution  by  X(B)  =  {.v'j}.  B  Is  called  a  feasible  hasis. 

Let  (k.  t )  dS.  Consider  the  set  of  cells  B—  ( k .  /).  Link  every  two  nearest  cells  of  this  set  which 
are  on  the  same  row  «:  column  by  a  segment  dinky. 

As  known  [9]  this  set  will  consist  of  two  disjoint  sets  fl,  and  fi*  (one  of  them  may  he  empty), 
such  that  no  element  of  either  set  is  linked  with  an  element  of  the  other  set. 

By  1),  we  mean  either  an  empty  set  if  (l.  /}  is  the  only  cell  of  B  in  column  l  or  that  set  which  «n»- 
tains  a  cell  in  column  /. 

By  It  we  denote  the  set  of  rows,  and  by  J%  the  set  of  columns  of  a  m  X  n  rectangular  table  in  which 
the  elements  of  O*  lie.  In  a  similar  way  we  define  the  set  of  row?  /;  and  the  set  of  columns  j%  which 
are  determined  by  ft*. 

Let  /  be  the  set  of  all  rows  and  J  the  set  of  all  columns  of  an  m  X  n  table.  Further  let 

/,=/-/,.  h=J-U 

Let  be  a  set  of  all  cells  id"  a  m  X  n  rectangular  matrix.  We  introduce  the  set"*F.  ’F  C 

(7)  4f  =  /.X |).t 


Let  H  be  any  subset  of  <t>. 

By  a  fl  solution  we  mean  each  solution  of  TTP  that  satisfies  conditions 


*spp  {a}.  {91.  JtoJ. 

*Srt  ^  i?  idmlNi  'fi  Sk.  »  in  fl). 


jrij  —  0  for  all  (i.  j)  c  fl 
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Lcj  X '(B)  be  a  basic  solution  where  is  positive  (then  (k.  /)  e  ft).  Then  following  theorem  holds 
(for  proof  see  [9].  [10]), 

THEOREM  2:  If  tp  C  II  then  there  exist  no  II  solution  .Y=  {x-y}  whose  element  ,Vit=0.t 
Tltis  tl  teorem  serves  as  an  optimality  criterion  for  the  TTPmethod. 

Vi  e  present  the  TTPmethod.  which  is  as  follows. 

1.  Find  an  initial  basic  solution  .Y(ffi)  by  any  of  the  known  methods  (for  example  by  the  minimum 
row  method*. 

2.  Find  tus,  Define  Ht  as  follows: 

Ili  ={</./)  j  i.i.jl  &  (*./).  tij  ^tsi.xfj=0} 

and  consider  from  now  on  0 1  solutions  only. 

3.  Find  the  corresponding  'P.  There  are  two  cases: 

a!  'F  C  Ilf.  Tlien  A' (ft.)  is  the  optimal  solution  of  TTP. 

This  follows  from  Theorem  2. 

h)  'I'll!  d>- "  Tlten  proceed  to  4. 

4.  Find  min  ta—  tM.  Apply  the  known  transportation  technique  to  find  a  new  adjacent  basts  by 
introducing  to  ft  cell  ip.  (]).  There  arc  two  eases.  The  set  of  cells  for  which  jry  may  increase 

a)  contains  an  element,  say  (a.  v)  of  Il:. 
bt  does  not  contain  an  element  of  FI  j. 

In  case  4tai  tlic  new  set  {(/».  (a.  v)  j  and  the  new  basic  solution  ATftt)  »A'(fti|and 

n.«n,.  in  ■sase  4(h)  apply  tile  usual  transportation  technique  obtaining  a  new  set  ft —Bt  +  {(/>,  q)}  ~ 
{ (r.  s)}.  a  new  solution  A’(ft).  and  a  new  set  Us  where 


Hj  —  II |  +  {  ( /.  j)  j  t(f  S'  fjar2»f  —  4)}. 

where  /**%— tl t«.i  'if  (k.  /)  eft-  then  (J. !)  »  (ft.  /-)>. 

5.  Repeat  steps  2-4  for  It-  by  restricting  to  II*  solutions  ( f  4  is  defined  in  step  4)  and  continue  the 
iteration  procedure  until  encountering  in  (4)  a  solution  satisfying  condition  a  from  step  3.  According  to 
Theorem  2.  this  solution  is  optimal. 

In  the  course  of  the  procedure  apply  the  following  rule.  Cell  (J,  /)— once  a  candidate  for  the 
removal  from  basts  ft  (see  step  2)  and  which  was  not  removed  from  ft  will  he  the  only  candidate  for 
removal  from  ft. i. 

THEOREM  3:  The  solution  method  defined  by  steps  1-5  produces  an  optimal  solution  in  a  finite 
number  of  iterations. 

PROOF 

Part  I  Preliminary-  remarks  and  notations 


r.  It  orders  the  bask  solutions  of  (4l  in  such  a  fashion  that 


tun.  >  S'  /xta.*, »  and  lb  C  Il/.s. 

as  Rtg  Mpigar  H  ifim  iNtp  p«tt?  n«*  II  *4r*m*rm i  jy  fc  <  i|. 
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T.  Cell  it.  / 1  (fain  step  21.  and  to.  e)  (from  step  4a)  once  removed  from  Bt  cannot  belong  to  any 
following  basis  Bt,.  it  >  t  »ince 


ik,  /)  eflf+i.  whereas  (a.n)  efl,-  C  II,,,. 


Definition  I.  By  a  route  lli.j)  U.J)}  we  mean  a  set  of  cells  of  iaXn  rectangular  table  which 
can  be  arranged  in  sequence  of  the  following  form: 

If. /I.  Ifi. /I-  Ut-jt).  Uz.ji).  -  •  —  <*./»  1 

(8)  w  |  ■ 

U.j).  U'-Jt).  Uujt).  ( h.js ) - -  U.J)  j 


and  where  no  more  than  two  cells  appear  on  «ne  line  Imw.  eohunnk 

As  known  to  any  pair  of  dements  of  U.j).  U.j )  tB  t here  exists  exactly  one  route  {t/./l-*  U.J) }  C  B 
(i.e..  whose  all  elements  belong  to  Bi. 

Definition  2.  Let  U.j)  be  an  arbitrary  node.  By  a  distance  dg[U.j).  U.j)]  we  mean  the  number 
of  elements  of  sequence  (8)  whose  elements  except  of  possibly  U.j)  belong  to  B. 

Consider  a  basic  feasible  sotailoHAf  (if ),  Introduce  set  B:. 

Definition  3.  B~~  { U.j)  I  U.j)  t  B.  ag— 0). 

Let  (£-.  />  €  B  and  tu=  Txinu  Define  B'  as  follows*. 

Definition  4.  CeD  U.j)  belong  to  B~  if  U.j)  e  B~  and  U.j)  is  the  only  element  of  Bin  the  route 

{(i.j)^(kj)}  CB. 

Part  II  Main  Part  of  the  proof 

As  known  (e.g..  |9j)  to  each  feasible  basis  there  corresponds  exactly  one  basic  solution.  Therefore 
if  sequence  (4)  consists  of  basic  solutions  where  no  basts  appears  twice  then  (4)  land  so  the  number  of 
iterations)  is  finite  since  the  number  of  all  bases  is  !es«  titan 


Assumption  A  Assume  to  the  contrary  that  (4)  contains  an  tr-element  segment  (ir  S  3)  which 
ire  will  for  convenience  denote  by 

(9)  A'(fli) . X(Br). 

where  all  bases  A _ if,  are  (Efferent  except  °f  A  = 

Asswnption  A  and  properties  I®  and  2  '  immediately  imply 

3s  n,=n.=. . .  =  n„; 

4s  all  basic  solutions  »f  t.8)  are  identical: 
a3  ifftr~  ?jun  then  /.f  =Javsi~  •  .  .  =  **(*«■)- 
Consider  an  ar&itrary  cell  It  is  easy  to  see  that 

ll®)  do,  I  Uj).  IkJ))  —  (7t=  constant!  for  all  /  ~  I.  .  .  .  .  *\ 

"AetaaRf  the  trerptov  *4  festtjUr  to*rt  is  lea#  tte« 
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w.  szr  utt: 


These  are  the  cases:  at  </  is  even:  and  h)  d  is  odd. 

In  file  first  cast*  l/jl  taceordint:  t«'«  the  procedure)  cannot  he  removed  from  ft.  In  the  second  case 
Iiji  once  rtomted  fnim  ft  cannot  cuter  any  sulitnjttrnS  basis.  which  contradicts  asstimptioti  A. 

Thus  we  have  shout:  that  ft  =  ft  = .  .  .  .  =  ft-  C  ft  ft>ri~  I.  .  .  .  .a*. 
rherriWe  instead  of  t9i  nr  may  consider  anoilter  sequfwe 


.Y«(ft).  \Mfti . A'stftri- 


where  .Vs  (ft.)  -  is  defined  as  follows 


(III 


ix'Ft 
*.#._!  '} 


fa«r 


lY§r 


H.jieli; 

(i.jlefi/ 


It  is  obvious  dial  <I0t  consists  of  identical  mat  rices  t  see  3s.  4s.  S'). 

Similarly  we  define  ft*  and  matrix  XHBt)  athl  tibtain  a  sequence  **f  Identical  matrices 


A5  (ft) . A-(lf,): 


tepeating  the  same  |in«eedtife  several  times  tve  reach  a  sequence 


V6(ft> . .  Vi/,Vf. 

W inch  consists  of  identical  matrices  with  all  haste  dements  positive. 

But  then  ft  -•  />•=  .  .  .  =  /ft  which  contradicts  assumption  A  that  i9j<4iid»10|s«  t.ntains  a  l<asU  iSfirmi 
fn»m  ft  -  ft.. 

Therefore  no  basis  apia-ars  in  til  twice.  QKD. 

Example.  *  Considei  a  1 v  a  ITP: 


The  numbers  m  and  %  are  tin  the  rifilst  and  below  the  matrix  F.  respectively.  Trim:  the  minimum  now 
method,  we  find  the  initial  basic  solution  ,V| ft  I 


:\3^p;r  b-  SaitrJi  iu*m  1 10}. 
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Here  16  and  Iff=[CI.2)»  (1.3).  (4.4).  |4.  5)]- 

We  consider  from  *r  on  only  Ilf  solutions. 

Circle  all  /«  c«m->{*,nding  «»  the  basic  variables.  Put  the  values  of  basic  variables  above  the 

circles.  Empty  cells  or  dreles  denote  elements  of  i!:.  Link  each  two  nearest  curies  which  are  in  the 
same  row  and  column. 


Here  (£-./.  (4. 2).  Determine 0?.  Tins **-1  occupies  row 2  and  cobnuts  2  and  & 

Consider  *  G.t.  the  set  of  cells.  except  (4. 2).  which  ar5  „n the intersection  of  the  row  and  criomn 


Apjdying  step  4.  we  find 


mis  tg 
tMwTOi 


tc.  According  to  the 


transportation  technique  BW=fi,=  {C2. 3)}4-{(4. 3)} 
contains  no  element  of  II,).  ami  X (ft)  is  as  follows; 


isince  the  set  of  cells  for  which  x,.  may  increase 


— — 

j  I? 

I 

n  j 

m 

;  •  s  i 

1  i  »'  | 

10  -it  ;  15  ! 

I  t  »  5 

—  1 1 

it, 

1  h!  1 
%z  1©  i1-  i 

;  1  1 


*'■  SZWARC 


Note  thai  II..  =  n,. 

f  *’  m *  2,‘  ®’ m  "d  -  «*■  **•  «■*  however 

tor  wbcfa  may  increase  to  this  iteralion  feiep  4,  ease  aL  Therefore 
introduce  *3. 2»  <mre  non  ,*«  *.-11.  Thus  />.-*.  - < ,  4.  * , j  . 


xm  = Jf(ft).  and  n3  =  H. 
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We  repeal  the  procedure  from  steps  2-4  and  obtain 
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where  H,  -  -^{<2.  4m2,  Si.  «3.  Ik  f*.  2,}  and  further  JTW.1  ^  n  - 


there  exists  a  cell  (4.  4)  efl* 
we  remove  (4.  4}  from  B*  and 

{13, 21 }. 
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Betenwae  the  correspuiMfiog  «t  bince  Wl-  is  empty  A ’Uhl  is  an  optima!  sohnioo. 

N«e  that  each  fl,  solution  is  eptmtaL  Therefore  A'tfl,  I  Is  also  an  opthnal  solution  as  «D  as  the 
two  solutions  given  below: 
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Here  tl»  second  optimal  solution  i*  not  hasie. 

4.  Appendix 

Proof  of  Theorem  1  from  [5]  (pji.  346-347* 

THEOREM  1:  A  feasible  [basic}  solution  is  optimal  if.  and  only  if.  it  is  local!*-  optimal* 

Kemari  4:  We  will  we  In  tin*  proof  which  follows  notations  and  numbers  of  formulae  a»  in  [5). 
The  only  change  is  that  we  replace  "stars"  of  |5|  hy  numbers  and  we  also  replace  life  C  by  x. 

IHOt  IF:  We  will  pew  only  that  a  local  optimal  solution  fe  optimal  (since  the  second  part  of  die 
theorem  is  ohviousL  Let  A'.-  |r||  be  a  feasible  basic  solution  which  is  locally  optimal  and  suppose 
«» flie  contrary  that  tliere  exists  feasible  elution  (basic  or  not)  A*  =  (x|J  which  is  better  than  A  . 
Introduce  a  m  X  n  cost  matrix  C  -  Jqj}.  wheret 
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d  %-  >  r, 
it  fo— r, 


Considering  A*  and  V*  »  ***“*****  of  a  “cost”  transportation  problem  with  a  cost  funerion 


0*tt£ttirr  #*.  gs  > 

P-"  ^  ^  (/'  is  .1  >um  «if  siwii 
\Vt»  ripni'Intir,  ihtTriW.  Ihai 

«5  !j‘!  Us,, 


*’*  I-H  !•<{._  Thru  /#j=0. 
Tljfci  ia  turn  itsijiJif-*  tbct  1 


ON  THE  TIME  TRANSPORTATION  PROBLEM 


drmie  Vr*-  Bedin  19,  72-73  (1965?  Un  Germant  ,Prw«ditis»  of  the  I,st 
App3icali*rfis  «f  Mathematics  ami  Cyiiernetks  to  Econeauw.  Berlin.  0 
y  W.  Sinsare.  Tim  Time-  Transpm  talion  Problem.  Zasiwowaiiia  Matematyki  S, 
luj  « .  Szware.  "The  Time  Tnu»poii3ti*,a  Problem."  Graduate  School  of  Indt 
Garnegie-Melhw  Lelversitv.  Pittsburgh.  Peoasyirama.  Teefameal  Kept 
■  1  ]  S.  L  Zukh-oiiskiy  and  I_  L  Avderera.  Linear  and  Convex  Programming  t 
Philadelphia  ami  lamdon  1966)  up.  160-169, 


PROBLEM*  AND  “SOME  REMARKS  ON  IDE  TIME  TRAN 
PROBUOT* 

#  L  Along  with  sending  iae  the  maasseiipf  of  their  wnattoble  .--ijv-*  |3J 
transportation  problems.  Professors  R.  S-  Carfifike!  and  1*.  R.  Rao  br«  k*ndh 
f2 j  tv  the  £«et  that  the  algorithm  I  hare  pvea  la  |4j  for  the  fMw  of  the  ssse  p 
sa  am.  sinee  (her  have  found  eanple  where  d  doe$  od  lead  to  an  optissd  s 
enanufc  of  |2|  wiD  be  pfvea  below. 

Unfortunately.,  the  pnpd^e  (though  d  ta  be  -raah  cpneetd"  [2  -  ■  Is  o*4 
she  notation*  «*  [4j|.  W|  >  I.  A  dsdy  eorreeted  vasias  «f  the  afewfiitaH  <d  1 
f  2.  The  wmt^siffl^e  rf  Carftckel  and  Bao  fa  !b  foflowjas.  CoiBider  I 
tras|M!tiSw  ptebleej  with 

guppSes  37.22.31.14 
demands  13.  m  13.  M.  2*1. 10 
and  with 


An  initial  basrr  feasible  solution  fa 


s  i j  I  1  I  i 


far  t*-6  aa  s¥-  {(2. 31.  (3.4#.  (3.5jj-Theat»ri*lireof  |4| 

<4  *t.a.  *  r.  fa  introduction  *f  the  ni  (13)  into  the  tefa  m  fa  Maw 


5  ;  s  1 


M 
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§  3.  What  was  wrong  with  my  algorithm  given  in  [4]  ?  The  procedure  enabled  to  reduce  the  amount 
of  an  Xht  with  ( h ,  k)eN.  overlooking  the  fact  that  it  might  happen  that  by  introducing  a  new  element 
%ij  into  the  basis,  as  a  side  effect,  the  values  of  some  other  **»*»(  with  (h',  k‘)eN)  may  increase  (in  the 
above  example  x*. 3  and  *3. 4).  Hence,  a  correct  procedure  must  make  sure  that  fy  <  /*  and  that 

5)  Xhk+€(}Xij  where  €y=  1  if  ty=f*,and  ey=0  if  /y  <  <*) 

(Mr)i.V 


decrease  step  by  step. 

§4.  Correction.  Let  us  define  for  an  arbitrary  (i,j)  4  1/.  and  an  arbitrary  (h.  A)  e  A',  the  values 
and  p*.t(/)  as  in  (17),  (18)  of  f4|  (where  these  values  were  denoted  by  u(i )  and  v(j).  respectively). 
Let  us  further  put 

Zh.k(ij)~Uh.k(i)  +i'i,.k{j)  —  1. 


The  following  two  Lemmas  have  been  proved  in  [1]: 

Lemma  A.  By  introducing  ( i.j )  into  the  basis,  the  value  decreases  if  and  only  if  a*.  *(*,/)  —~1. 
Lemma  B.  By  introducing  (.i.j)  into  the  basis,  the  value  xi,k  increases  if  and  only  if  Zh.k(i-j)  =  L 
If  we  denote  now  by  S  ‘he  set  of  those  (i,  j)  4  If,  the  introduction  of  which  into  the  basis  leads  to 
a  better  solution,  we  arrive  at  the  following. 

THEOREM.  If for  every  (i.j)  4  M.  we  put 

r  1  if  fy=f* 
ey=|  0  if  hj<t* 

l  m  +  n  if  tij  >t* 


Z(iJ)=€ij+  5)  z».k(i,j). 

then 


S  —  {(i,j)  !  (i.j)  eM,  Z(i.j)  <  0}  . 

Hence,  step  2)  of  the  procedure  given  in  (41  will  have  to  be  the  following: 

2-1)  Determines  (by  the  above  Theorem): 

2-2)  Determine  (i.j)  eS  for  which  the  absolute  value  of  Z  (i.j)  is  maximal: 

2-3)  Introduce  (i.j)  into  the  basis  (as  in  the  common  transportation  problem). 

Remark.  If  (A  1  =  1,  the  algorithm  is  identical  with  that  of  14). 

§5.  As  an  example,  consider  the  first  solution  of  the  Garfinkei-Rao  counter  example.  Here. 

A  =  { (2.  3).  (3.4).  (3.5)}. 

and,  we  can  easily  find  the  values  of  the  Zh.k  ( i.j )  for  (A.  k)  e  .V,  (i.j)  4  M  fin  place  of  the  elements 
of  M  the  corresponding  level  Lr  containing  it  was  introduced): 
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XI 

,i’~  *  * 

/  /  / 
/  / 

_ _ a'! _ 

IT" — \  1 

__  X 

10 

0 

to  j 

to  I  to 

V  \  1 

X  '3 

X 

10 

10  j 

10  j  10 

10 

"  y 

X 

to  j 

to  |  in 

10 

10 

k\N 

NS 

Hence,  the  tableau  of  the  Z(i.j)'$  fur  \L  j)eSI.  is 


;  X 

\ - - j - 

10  j  1 

11  j 

9  !  9  ! 

\  N 

X 10 

10  • 

s  j  a  j 

8 

^Xj\X 

9  i 

9  9 

!  i 

9 

10  \X 

\xj 

Hence  aWZii.j)  are  positive,  showing  ilia!  the  first  solution  is  optimal. 

5  6.  The  Editor  of  NRI.Q  has  kindly  brought  to  mv  attention  the  manuscript  of  [5], 

Although  I  cannot  agree  with  numerous  statements  of  |5|.  1  would  like  to  stress  its  positive  aspect.. 
1  am  happy  to  learn  of  the  contributions  of  I-  I.  Avdeyeva.  A.S.  Barsow.  W.Cralwwsky.  A.Janicki, 
E.  P.  Niesterow.  IS’.  Szwarc  and  S.  I.  Zukhovitskiy  to  the  time  minimizing  transportation  problem. 

§  7.  Finally.  1  w»u>J  like  to  express  my  appreciation  to  Professors  Carfinkel  and  Rao  for  having 
called  my  attention  to  the  error  contained  in  my  paper,  and  to  the  Editor  of  NRI.Q  for  having  informed 
me  about  Szwarc's  paper  ;jid  for  the  kind  publication  of  this  letter. 
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ABSTRACT 

In  llii*  (taper  show  lhat  the  Cumorv  fractional  rut  ilitpoipbiiri  fur  the  Briefer  pnetam 
I*  either  void  of  integer  points  or  nrotains  an  infinite  number  of  than,  The  conditions  for 
each  ease  are  (resented.  Also,  we  dense  a  stranger  cot  from  l!tc  hyperplane  which  does  not 
intersect  integer  (mints. 

In  Reference  (I  j  Comorv  develops  the  well  known  fractional  cut  (I)  Crow  indices  are  omitted)  as 
part  of  a  classical  cutting  plane. 

(1 1  s=-f,+  £  so  (0</.<  1,0 «/}<!). 

/**! 

algorithm  for  the  integer  program.  The  inequality  (1).  implied  by  the  constraints  of  the  integer  program, 
is  obtained  from  a  source  row. 

it 

(2)  x= «a  +  5)  "i (on  >  0  and  not  integral!, 

j*  > 

where  aj  is  some  integer  linear  combination  .if  the  coefficients  in  column  j  of  the  current  simplex  tab¬ 
leau.  and  J(j)  is  the jth  index  Ij-  1 . nj  in  the  set  of  indices./  corresponding  to  the  current 

nonbasic  variables.  Also.  fj~  a  j —  [ttj].  where  £  yj  is  the  largest  integer  smaller  than  or  equal  toy. 

RESULTS 

A  well  known  result  is  that  every  ttj  in  C2)  may  be  written  as  where  /  j  is .  a  integer  and  |J3( 

is  the  determinant  of  the  •.  urrent  basis.  Also,  as  indicated  in  Reference  |1|.  we  have 

/;  i;~Mm  h 

/)  — Oj— [«j]  —  jgj  —  («;]-*  jgj "  ~Tjp.  ^  0.  1 .  .  .  -,jj| 

where  Ij  (j—  1 . n)  is  a  nonnegative  integer.  /*  is  a  positive  integer,  and  all  Ij  are  smaller  than 

j/f  j.  (This  follows  since  the  original  tableau  is  assumed  to  be  integral.  Hence,  |0|  is  an  integer.  Also, 
it  is  the  |»roduct  of  the  pivot  elements  which  is  always  positive)  Consequently,  the  inequality  (hyper- 
planel  ll)  may  he  written  as 
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We  are  now  ready  to  present  some  useful  properties. 

THEOREM:  Consider  tlie  hvperplane  -j^=2-j^rjr/Ij')cofrespondinj»  to  a  generated  inequality 

(1).  Then  the  hyperplane  passes  through  at  least  one  integer  point  (not  necessarily  a  feasible  solution 
to  the  integer  program!  if.  and  only  if.  the  greatest  common  divisor  igcdl  of  /t. .  .  ..  /*  divides /8-  More¬ 
over.  if  it  contains  one  integer  point  it  contains  an  infinite  number  of  them. 

PROOF:  Suppose  (Xi . A, )  is  an  integer  point.  Then,  for  it  to  be  on  the  hyperplane  we  must 

lB  m  1 1  " 

have  -»§ w3“c31  means  ^  /j  kj.  The  entire  assertion  then  follows  from  elementary'  re- 

•  -  i-t  ■  1  J-i 

suits  in  Number  Theory  (see.  Reference  (of.  Theorem  4-1.  p.  1 69  and  Theorem  4—3.  p.  176). 

To  illustrate,  consider  example  2* of  Reference  [1 J.  The  integer  program  is 

maximize  3xt  —  x:  = 
subject  to  3ri — 2r;  ■£  3 

— 5ii  — 4r;«— 10 

2x<-f  xjssS. 

and  xi.  xi  2*  0.  integer 

With  nonnegative  slacks  x*.  xt.  and  x^.  the  (first)  optimal  simplex  tableau  is 


1 

— 

— Jfc 

a*  30/7 

5/7 

3/7 

/  3  0 

a,  13/7 

1/7 

2/7 

*  9/7 

-2/7 

3/7 

B=l-3  -3 

*  o 

-1 

0 

\— 5  -2 

x,  31/7 

-3/7 

22/7 

m=  7 

0 

0 

-1 

Suppose  2x,  is  the  source 

row.  That 

is.  the  cut  i 

Is  generated  from  2xj  — 

the  derived  inequality  is 

*5/7+ 2/7*, 

~f~  4/  ix^  0. 

Now .  the  ged  nf  2  and  4  is  2  which  does  not  divide  5.  Hence,  there  cannot  exist  an  integer  point  satis¬ 
fying  j  =  0.  To  explicitly  sec  this,  transform  the  hyperplane  t«»  (xi.  ar-1  space.  Tlte  resuh  is  the  hyper¬ 
plane  3—  ixi  =0  whirh.  of  eottr«e.  does  not  intersect  any  integer  point  (see  Figure  11 
Suppose  now  tj  is  used  as  the  source  row.  Tlien  (he  generated  inequality  would  be 

sl  =— 6/7  +  1/7x3+ 2/7ji  a  0. 


Here,  (he  ged  «*f  1  and  2  is  1  which  divides  6.  Hence,  (he  hyperplane  .**  =  0  passes  through  integer 
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FlctHE  I. 


Ftctu*  2. 


'"'in'5  ,T”  "*  in  "™5  <*■ *  “<• *•  Th»  yicl.l,  ,h,  hypt-rplanr  2-2,,  =0  in  („  ,.) 

space.  It  intersects  an  infinite  number  of  integer  coordinates  (see  Figure  I L 


IMPROVING  THE  CUT 

To  complete  the  discusskm  consider  the  case  where  the  hyperplane  5-0 IS  void  of  integer  point 
ien  the  inequality  (3»  can  be  improved  if  we  can  push  hs  hvperplane  into  the  feasible  region  until 

intersects  the  firs,  integer  point  (on  Figure  2.  the  inequality  G  is  suonger  than  s  *  0J.  To  do  thi 
rewrite  inequality  (3)  as 


(3) 


Since  there  is  no  integer  point  satisfying  s=0,  we  know  that  the  ged  of  /,. .  .  say  rf  does 
divide  h.  ’ 


not 


W. 


e  can  also  write  the  inequality  s  ^  0  in  terms  of  the  original  nonbasic  variables  *, . . 
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Thr  result  (see.  Reference  |1|>  is  the  all  integer  inequality 

^  s  - =  no  +  V  njxj  S*  0. 

fit 


Now.  there  is  a  1-to-J  correspondence  between  the  points  »f  the  feasible  region  in  (**„.  .  . 
Jju.t  space  .which  is  contained  in  tin*  first  quadrant)  and  those  in  Ijr,.  .  .  ..  jr.i  space  (defined  by 

the  original  constraints),  further,  the  hyperplane  (3)  intersects  the  XjtJ;  axis  at  the  point  y- (see  Figure 

MJ 

3).  Therefore,  to  “push**  the  inequality  s  »  0  (parallel  to  itself)  into  the  feasible  region,  or  equivalently, 
to  derive  a  stronger  inequality,  we  must  increase  U  Looking  at  (4),  «  can  change  n*  by  1  without 

cutting  off  any  integer  point:  but  increasing  ^  (»rf„)  by  1  is  the  same  as  changing  n*  by  1.  Thus,  we 

i 

can  increase  — j  by  1  without  cutting  off  any  integer  Mnt:  or  equivalently,  we  can  increase  I.  by  jftj. 
This  yields  the  stronger  inequality. 


(5) 


where  /■  ;  \B\.  (Note  that  /*.  cannot  be  increased  by  any  integer  amount.) 

Now  the  same  line  of  !C3s:*ning  can  be  applied  Jo  the  new  inequality  (hypetfilane)  (5):  that  is.  if 
•I  twhi.  b  has  not  changed)  divides  L+\Bl  we  have  the  desired  constraint.  Otherwise,  we  increase 
la-la-t-lBl  by  \B\  and  retest  d.  In  effect,  the  process  i<  repeated  until  we  find  the  smallest  positive  in¬ 
teger  A.  such  tbit  d  divides /,,-rAjflj.  To  clarify  the  procedure  we  improve  the  firs!  inequality  in  the 
example  presented  earlier.  W  e  used  the  source  row 


2ri  =  26/7-i-2/7(  — g;l  +  4/7(—jr;,). 

Tlte  generated  inequality  (iiy|»crpbne)  was  (161  =  7) 


«3l* 


s - -V?  ~  2/7(  —  x-.) — 4/7  (  — 1: )  &  1  =  0. 


t-n-iWE  3. 
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Or.  in  terms  of  the  original  nonbasic  variables  xt  and  x; 

W  s= 3-2x,^Q. 

Now.  tfie  gcd  of  2  and  4  is  2.  which  does  not  divide  5.  Hence,  add  1  to  5/7  in  (3f  and  the  new  cut  fa 

Of  *'=-iaf7-a/7(-jso-4/7(-ja)»a 

Its  hvperplane  intersects  integer  points  (since  2  divides  12).  Of  coarse,  increasing  5/7  by  1  in  (3 )’ 
amounted  to  reducing  3  by  1  in  (4)'.  Or,  in  terms  of  jti  and  x~,  (4)'  fa 

15 f  si  =  2-2x,  5*0. 

which  clearly  intellects  an  Infinite  number  of  integer  points,  (see  Figure  If 

COMMENTS 

I.  Gomorv  (2J  has  shown  that  the  integer  program:  max  c*r*-re.vx.v.  subject  to  Bxt+Nxx=b, 
-in.  xx  &  9  and  integer,  where  H  fa  a  (current)  optimal  linear  programming  basis,  without  the  condition 
Xu  &  0,  fa  equivalent  to  the  group  minimization  problem:  minimize  (c.v  ~  c/iB~'JY)xx.  subject  to 

m 

2  Xv  —  {xjfx i.  .  .  ..  xtimi)  ^0  and  integer,  where  tbs  ttct«rg,/=0,  I. .  .  Is  an  eir- 

i=! 

ment  of  the  factor  group  {/)"'}/{/}  ami  fa  the  image  v*f  the  nonba^c  column  a/yV0)nr  blj—Oi-  C {-4}  fa 
the  set  of  vectors  which  can  be  written  as  an  integer  linear  combination  of  the  columns  of  .4  and  /  fa 

an  identity  matrix.)  As  Hu  indicates  in  reference  4  the  matrix  ;=  (g*.  gi . g.)  can  be  found  by 

transforming  each  row  of  B~Hb.  N)  to  the  row  vector  representing  the  coefficients  of  the  corresponding 

Gomorv  cut.  multiplying  this  matrix  by  }Bf.  and  premultiplying  the  resulting  (integer)  matrix  by  a  uni- 

* 

modular  (row  transformation)  matrix  Q  That  fa.  each  equality  in  ^  gfcxp~g»  has  the  form 

</-*(/. . h)xx =(?'*/•. 

m 

Equivalently.  T  IjXjij;—  A-  Thus,  it  follows  that  if  a  Gomorv  cut  passes  through  integer  points  then  its 

corresponding  group  equation  also  contains  integer  solutions  and  vice  versa. 

Another  interesting  thing  fa  that  the  hyperplane^  defining  the  boundaries  of  the  feasible  region  of 
the  group  problem  (referred  to  as  "faces”)  give  the  strongest  cuts  that  can  be  generated  from  the 
current  tableau.  (See  Reference  (4J.)  Thus,  the  faces  must  correspond  to  cuts  whose  hvperplane?. 
contain  integer  points. 

2-  Up  to  this  time  we  have  not  mentioned  integer  points  inside  the  feasible  region.  A  generated 
inequality  (hyperplane),  such  as  (3).  could  be  most  improved  if  we  could  replace  it  by  the  one  whose 
hyperplane  passes  through  the  first  integer  solution.  (In  Figure  2’  the  hyperplane  s*= 0  defines  the 
strongest  cut  from  s=0.)  The  difficulty  is.  however,  to  determine  whether  the  hyperplane  passes  through 
an  integer  solution  and.  if  not.  to  obtain  one  that  does.  Precise  conditions,  as  before,  are  not  avail¬ 
able.  Nevertheless,  a  procedure  might  be  to  first  obtain  the  hyperplane  which  passes  through  an 
integer  point.  Then,  test  all  integer  points  on  it  **near”  the  feasible  region  for  solottQns.  If  an  integer 
solution  cannot  be  found  increase^  by  I  and  repeat  the  search.  The  problem  with  this  approach  fa 
that  usually  there  are  many  integer  points  near  the  feasible  region  on  the  hyperplane.  This  fa  especially 
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true  when  n  —  1.  the  dimension  of  the  hyperplane.  Is  large.  Thus,  even  If  a  systematic  enumeratioo 
scheme  could  be  developed  it  would  almost  surely  be  computationally  unworthy. 
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ABSTRACT 

Tbs-  silai  fok  g  *msh  iwfc  sf  ffea  iif 

ja  !tr  in  ih1  4  thr  *-  ial,i~js  C-***  in  ifer  b^Kcta  a 

s^dp  jS'i  a  ^itSfc  fjwfc.  H4»  |%j|ic-r  s  is  t-l+'lrir-ivv  th*- 

i&esi  titai  EsJs  m  ihr  Wla*-fs.  A  SFrrssgry  **tid£b<i  f.*r  As  fe*  b**  tfcr  HbL  U 

►*Iai*i‘!inI  is  f@  ||r  g*na|s-f  #4"  3SK^  siijA  iss^l  fs£» 

INTRODUCTION 

Tie  pniUrffl  of  removing  arcs  and  nude*  toon  a  network  b  a  pail  of  network  tfawiy  that  ba»  many 
important  and  useful  applications.  One  -ippKiari-i:  would  be  a  Miffirt  situation  where  there  b  a 
fogbrics  or  network  under  attack.  A  defender  or  user  of  the  stjtem  nut  kww  which 

arcs  arc  most  vital  to  him  so  that  he  can  reinforce  them  against  .ittjck;  while  tire  attacker.  naturally, 
warns  to  destroy  those  arc*  whose  destruction  would  >wst  affect  the  efficiency  of  the  system.  Another 
application  would  be  in  helping  the  managers  of  a  highway  system  or  a  transportation  network  to  de¬ 
termine  the  effect  of  As^  various  links  for  repair,  etc. 

The  problem  addressed  by  tills  paper  I*  oaftrad  with  finding  the  most  vital  fink  fit  a  single 
commodity  Row  network  [-V:T j  (directed.  tmfimid.  or  mixed  t.  An  arc  u.itf  b  drdaied  to  be  the 
most  vital  link  if  its  value  m.yi  b  a!  least  as  large  as  the  value  of  every  other  arc  in  the  network.  The 
va*ue  of  arc  (x.y)  is  defined  as  the  differen*  e  in  the  maximal  flow  values  in  networks  [A:  dj  and 
C.V;  {.4  —  (,r.v) }  1  between  s*ttm  source  node  and  some  sink  node.  Thus,  rtx.vi  reflect*  ;he  reduction 
fit  the  maximal  flow  attainable  if  are  u,r)  b  removed  from  the  network, 

Wnilmcr  }3j  has  developed  an  algorithm  for  determining  the  m»*f  vital  network  link.  Thb  algo¬ 
rithm  has  been  employed  by  Durbin  1 1 1  to  dcferniii*c  the  single  «i«t  critical  ifiik  in  a  htdbway  system. 

The  following  sertinB  >>f  ihb  (aper  briefly  present  WoHrarr’s  method  for  fimbria  the  most  si! a! 
link  in  a  network  and  develop  an  improved  alpoithnt  for  srJfitK  the  n«t  vital  link  problem.  An  example 
using  the  improved  method  is  ladeded. 

WOI.I.MERS  ALGORITHM 


Woilmtri s  algorithm  for  finding  the  nmst  vital  lick  fii  a  network  follows  as  a  consequence  «f  the 
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following  thcsreo.  "He  proof  of  this  theorem  is  pveo  is  Reference  |3|. 

Theorem  (Vollwrri: 

Suppose  the  network  |<V;  A |  lias  a  maximal  Bow  value  of  rsF*t.  while  the  network  |jY;  {A  —  {x.  v)}] 
has  a  maximal  flow  value  of  t>F*Jth  Then,  every  maximal  flow  pattern  of  |jV;  Al  has  at  least  wtF*) 
~i(F' ss)  units  of  flow  through  the  are  (x.  v).  Moreover,  there  is  a  maximal  flow  pattern  of  [.Y;  A] 
which  has  exactly  rtF" )  —  t  iF’Jf  \  units  of  flow  over  the  are  (x.  y). 

As  lutlow  points  oat.  ihe  above  theorem  redoes  the  problem  to  one  of  finding  that  link  whose 
minimal  Bow  among  aD  maximal  flow  patterns  is  greatest."*  Wollmer' s  iterative  procedure  for  finding 
this  link  b  as  foOows: 

STEP  0: 

find  a  maxima!  flow  patient.  /  in  the  network  f.V;  A]  and  let  /*tx.  y)  be  the  eorresponding  flow  in 
each  are  (r.  y  tt-f . 

Set  the  “least  flow"  of  each  arc.(x.  y).  equal  to  f*(x,  y), 

Let/*(p.  g}~  max /*|x,y)  and  go  to  STEP  1. 

(f.gy 

STEP  I:  Solve  a  maximal  flan  problem  for  the  network  (ft  {A  —  (p.  $)}].  Ld  the  corresponding 
maximal  flow*  pattern  he  denoted  as  F*n  and  t<>  STEP  2. 

STEP  2: 

(a)  Set  the  capacity  e(p.  q)  of  arc  (p.  q)  equal  to  p(F*)  -r(F'„)  and  solve  a  maximal 
Sow  problem  hr  this  network  fLe..  the  network  (ft  A J  with  dp.  q|  =  r(F*)  — rfF*^)).  Call  the 
corresponding  maximal  flow  pattern  F\  (Note  F*  is  also  a  maximal  flow  pattern  of  [.V:  ,4],) 

(hi  Next,  compare  the  least  flow  «tf  each  an:  (r.  yt  with  f‘\x.  v)  and  if f  (x.  y)  <  least  flow  of 
arc  (*,  y).  replace  the  least  flow  of  (x.  y)  with  /’  i  r.  r).  Reset  e(p,  q)  to  its  original  value  and  go  to 
STEPS. 

STEP  2:  Let  V  =  max  fleas*  flow  of  are  (x.  yl). 


(*)  If  ttf’j-rlf‘„?  terminate;  ip.  q)  is  a  must  vftal  fink; 

(b)  If  (  >r(F‘|-  i!F*Mj;  find  an  arc  (p.  qj,  such  that  the  least  flow  of  { p,  q)  equals  V, 
and  go  to  STEP  1. 


AN  IMPROVED  ALGORITHM 

flfoltaers  aig*»rilhtn  considers  each  are  as  a  candidate  fm  the  most  vital  link;  however,  a  neces¬ 
sary  condition  m  employed  in  the  improved  algorithm  which  reduces  the  number  of  ares  that  must 
be  considered  explicitly  as  candidates. 

THEOREM  1:  A  necessary  conditioe  for  an  are  to.  b)  to  be  a  most  vital  fink  is  that  for  any  maximal 
flow  pattern  in  the  network  f.V;  A ].  the  flow  in  are  to.  fit  is  at  least  a-  great  as  the  flow  over  every  are 
in  a  minimal  cut. 

The  following  lemma  will  be  useful  in  the  proof  of  Theorem  1. 

LEMMA  1;  If  if.  At  is  a  minimal  cut  containing  at  least  two  airs  m  a  network  [A":  A]  and  if  arc 
tx.  yt  is  m  tA.  A  t.  then  lLTi-  fx.  yj  is  a  minimal  cut  in  the  network  [ft  {.(-(i.r)}]. 

PROOF  OF  LEMMA  1;  Suppose  that  (F.  Y)  is  a  minimal  cm  in  {A;  { A  —  far.  y) } ]  and  that  G(¥, 
Ft  <  CIA,  At— rfx.  yl.  Note  that  f)*.  f*JU(x.  yt  has  to  be  a  disconnecting  set  for  (A’;  A]  and  that 
Ct  Y.  Y » +  cl x.  yt  <  Cl A,  A  r.  but  lA.  At  b  a  minimal  cot  of  (ft  A]  and  ( 1.  >"»  U  (x.  y)  is  a  disconnecting 


•  L«nma  I:  rt F  „l~tn [F  )—fm  «;>.  qU  by  a^umptioi,  /  *t,i.  b »  < f*{p,  q):  Uwirfwe. 
=  HF  *1  -ftp.  qi  <  1 1 F*  t bi. 

Farther, there oasts  a Sow |- attem in  [V fc# - 10, 6il|  with the value H/„.‘  =  .»F*» &j. 
re.  the  maximal  flew  ralae.rfF* —  ‘.in  [ft  { 1  —  :a.bi}  j.  mm!  -aiisfy:  *>tF%4»  3= 

CondilHws  111  and  ffi  imi.K  that  hP.i  >  r|F% t  fart  this  lads  i..  a  eootfsdfctkB  ««* 


Tteoran  I  guarantees  that  those  ares  whose  flaw  i>  less  than  Use  largest  flaw  ihf.m^h  an  are  in  a 
minimal  eta  for  some  maximal  flaw  pattern  In  [.V:  TJ  need  not  Iw  consider^  as  camGdatesfo  the  mast 
vital  link. 

a  labeling  scheme 

A  tafaefing  scheme  i*  employed  in  the  afeorahm  far  finding  a  most  vital  link  fnm  the  m  ofeas- 
filate  are*.  Al  the  «d^  rf tire  fahefing.  it  »  md  dm  these  »  a  masdmtd  flaw  pattern,  and  minimal 
cat  defined  f«r  JA;  jf|.  Sw***-  that  art  la,  bi  is  an  are  from  the  eamSdate  set  «te  ***  is  made  op  of 
ihw®  ares  teat  satisfy  the  necessary  ewfitkn  of Theorem  It  Next.  an  attempt  Is  made  *»  label  ftom 
rmfc  a  to  node  b  without  using  fire  are  l«.  &  Imtiahy  Rode  a  m  labeled  and  aS  ether  nodes  are  an 
labeled-  The  SalirUnp  --heme  systematkalh  searches  far  a  flow  path  i.otii  node  a  to  udf  b  nhkh  does 
not  iiKiude  an*  fa,  b*  soefa  that  flow  way  be  diverted  fmoiajv  fa,  bioverihis  path.  If  node  6  is  labeled 
ihreakihroughi.  such  a  path  exists.  The  labeling  (and  harkinokingi  rales  t*  be  nsw!  are  sintiiar  to  these 
employed  by  Ford  and  Fulkerson  fZJ  in  ihcii  al“..ndtTn  for  the  ^dmiee  of  the  maxima!  B«r  problem. 
The  labeling  and  flow  changing  ndes  are: 

Let  rvnir  a  he  labeled  with 


r  ,gr 

1WHI  r* 
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As  Ford  and  Fulkcm»n  Ion  shows  (he  labeling  scheme  must  end  In  one  of'  two  mentioned  stats: 
breakthrough  is  achieved  or  breakthrough  is  not  achieved.  The  following  results  Indicate  what  can  he 
deduced  when  either  of  these  states  ecntr  at  the  end  of  the  labeling  process. 

THEOREMS: 

Let  F*  he  a  mix'mr*  flow  pattern  hi  the  network  J-Y,vl{.  Let  iujb\  be  an  arc  In  |  and  use  die 
labeling  scheme  to  label  from  node  a  to  node  b  without  using  arc  lajb).  If  bteaklhrwt^i  occurs,  the 
value  of  arc  (cj>)  Is  less  than  or  equal  to  f  *{ajb)  —  e.  If  nori-brrakthrourh  occurs,  the  value  of  are 
Utjt )  is  equal  io/*{a,b)- 

PROOF:  If  bnaJahtos^di  occurs  an  dentate  maximal  flow  pattern  b  found  by  making  an  c 
change  of  flow  in  the  path  established  by  the.  labeling  and  decreasing  the  flow  in  (aju)  by  f.  Then 
?p(F*)-/*i«i}ft  and  since  H'oij  =  r(F*‘l -  »(F*u)s  r(F*J -  |r{f 
+  t!  and  *  >  0.  it  follows  that  riai)  « f*(a  Jt)  —  c  < 

.%sa@e  that  »»4>reaklhruu^b  occurs,  then  by  die  nature  of  the  labeling  rules,  no  maximal 
flow  pattern  exists  in  fA>f  j  which  has  less  than  units  of  flow  over  arc  (u.4)  and.  hence,  by 

Votlmcr* s  Theorem  <  fa. hi  —f* {ajb}.  Q£JD, 

titiltrmg  these  results,  the  following  algorithm  can  he  employed  to  locate  a  most  vital  link  In  a 
network: 

STEP  0: 

b)  Find  a  maximal  flow  pattern,  t*.  in  the  network  and  let  (VJfj  be  a  rniwwl  cut.*  Let 

V*  =  max  c(x,y)  or.  alternately.  ('*=  max  F 

(,•}., jX.  ruttflA. 

fjb«  IMote  those  ares  (a,y)  m.4  far  rtA/*(r.y|  >  If*  and  swne  these  arcs  in  a  Rtf:  these  ares 
farm  the  candidate  set,  S.  For  each  arc  In  this  set  define  an  upper  bound  as  t’(r.)l=/*(r,y). 
STEP  h 

Let  ViaM  —  max  V(x.v)  and  set  /U,r)=!/,(*y)  for  all  arcs  in  (iVidJ. 


STEF  J; 

Use  the  Labeling  rules  to  Label  tr»m  node  a  to  node  A  witbemt  using  are  {ajb}. 

STEPS: 

fa)  If  breakthrough  occurs,  use  the  backtracking  and  flow  changing  rule,  replace /Cx.  yf  by 
the  res uh  ant  flow  in  each  Cx.  y|tl.  and  if /to,  b)  >  0.  repeat  STEF  2-t 

(b)  Otherwise,  replace  f  ia.  b)  with  /(a,  i)  and  if  f  t  a.  bf  2*  max  t't*.  r)  trnnhuae;  are 

It.  r±i 

<«,  1}  ba  awl  (in!  link.  Otfcerwfee.  repin  e  /*  (x.  y)  with  /(*,  yi  for  all  (x,yM  and  go  to  STOP  L 
By  the  use  of  this  algorithm,  a  maxima!  flow  pattern  b  always  maintained  and  once  non-break¬ 
through  results  foe  the  are  to.  k)  and  V  (a,  b]  ^  V  (a,  yl  far  all  arcs  f*.  y)  « the  candidate  set  5,  the 
are  (a,  6}  can  he  declared  a  most  vital  fink,  Le„  noo  breakthrnugh  implies  that  vfu.  b>  =/*(«.  I) 
-  f{,<.  b I  and.  thus,  t  to.  b)  ?  V{x.  y)  S  i  >x.  y|  for  fa.  t  itS  and  bf  Theorem  I  the  most  vftal  fink  of 
[M  f]  b  an  dement  of  5. 


•The  Fwi  FAenm  wrewal  tnr  aipwiW*  W  wav  fe  wet  mex  ifcteftes  a  wWeut  cm  at  «m5  «*  »  wmawal 
Iw^mcnL 

t.tidUM«t*S19Wst«tatir/(i.rl<Vb.rl-  H.  t  *>.  s«  trfiMr  r~i«-  siA/lt-  >1; 

( /i*.  t)<P*  Aw  aclcrt  aav  he  fuses  tV  set  5.  TV  cMpetwklu  «e  wUiwri  h  (Awte^sSTEP  t  i 

wrfa.tHwMkuAijficiwBOi^OslfcfHatti.mMhttA.tut 
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The  other  aspects  of  (be  method  that  must  be  considered  are:  •]}  is  the  method  finite  and  Q  s 
there  a  way  to  ioate  alternative  optimal  solutions?  The  fiiutei»e*s  of  the  procedure  follow*  since  there 
can  be  only  a  finite  number  of  arcs  in  the  candidate  set  and  there  is  a  finite  number  of  labelings  ihat  can 
be  made  for  each  are  of  the  seL  AhernatiTe  optimal  solutions  are  readily  identified  as  follows :  after  an 
optimal  solution  has  been  found  and  other  candidate  arcs  exist, reapply  the  algorithm  to  any  are  in  the 
candidate  set  whose  upper  bound  is  equal  to  the  value  of  the  most  vital  fink  (o.h).Le..*et  U*~U(u,i), 
delete  are  la.  k)  from  the  candidate  set,  and  reapply  the  algorithm.  If  upon  reapptkatiaa  d  the  algo¬ 
rithm  the  most  vital  link  has  a  value  equal  to  If  *,  then  an  alternative  solution  hzs  been  fund.  In  the 
latter  case,  the  algorithm  is  irappSd  us  in?  a  further  reduced  candidate  set  and  the  procedure  h  con¬ 
tinued  until  all  ah  emit  he  optimal  solutions  have  been  fosnd. 

EXAMPLE 

Consider  the  flow  network  [jY;  .4}  shown  in  Figure  1. 


Associated  with  each  arc  in  the  network  is  am  ordered  pair  of  numbers.  lie  first  number  one 
spsnd*  to  the  capacity  of  the  are  and  the  second  number  corresponds  to  the  amount  of  flow  oxer  the 
arc  m  sense  maximal  flow  pattern. 

The  unproved  algorithm  will  he  employed  to  find  all  most  vital  links  in  the  network  [ft  .4]. 

STEPO: 


fat  Figure  I  presents  a  maximal  flow  patternF*  in  the  network  with  3?  units  «f  flow  from  nodes 
to  node  r.  The  individual  are  flows  are: 


f*U.a)=2 i. 
J*U.  51 =f. 
Z*%e.  r  I  —  17. 
f'Ul.  rl  =  ». 


/la.  0  =  15. 
/*te.  Ji=  1U. 
/f£,cS=J. 
/*fh.dl  =  0. 


The  ewresp«i*fitig  rsjsimsf  cm  Iwhieh  is  ■jnwjuej  contains  the  arcs  t«, cl.  <5. cl.  aad id. f  l  Hew*. 

I' r)=/*(a.  rl  =  IS. 
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(b)  The  set  of  candidate  ares  is: 


S={(s,  a),  ( c ,  /),  (a,  e) } . 


STEP  1:  Start  with  arc  (s,  a)  since  Uts,  a)  =/*(s,  a)  =  max  U(x,  y). 

II,  T>«'’ 

STEP  2:  Labeling  from  node  $  to  node  a  without  using  arc  (s,  a)  is  possible  over  the  path  containing 
the  arcs  (s,  b),  to,  d),  and  (a,  d).  The  value  of  e=8. 

STEP  3: 

(a)  Since  breakthrough  occurred,  the  e  units  of  flow  are  removed  from  arc  Is,  a}  and  added  to 
each  arc  in  the  path  found  in  STEP  2.  The  revised  maximal  flow  pattern  is  shown  in  Figure  2. 


FicCRE  2.  Revised  maximal  flow  in  samide  network. 


STEP  2:  Starting  with  the  maximal  flow  pattern  of  Figure  2-  it  is  not  possible  to  label  from  node  s 
to  node  a  and  non-breakthrough  has  occurred. 

STEP  3: 

(b)  Replace  U(s,  a)  with  the  flow  f{s.  a)  =  17.  Since  U(s,  a)  2*  max  U(x,  y)~V(c ,  /),  arc 
(a,  a)  is  a  most  vital  link.  tT' s>tS 

Since  Uir,  t  )  -  V (£.  o)  — 17,  arc  (c,  t)  may  also  be  a  most  vital  link.  In  order  to  test  this  hypoth* 
esis,  arc  Is,  at  is  dropped  from  the  set  S  and  the  algorithm  is  reapplied  starting  with  the  maximal  flow- 
pattern  in  Figure  2. 

Employment  of  the  labeling  rules  from  node  c  to  node  t  results  in  non-breakthrough,  and  arc  (c.  t ) 
is  an  alternative  most  vital  link. 
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ABSTRACT 

Hakimi  has  considered  the  problem  of  finding  an  optimal  location  for  a  single  service 
center,  such  as  a  hospital  or  a  police  station.  He  used  a  graph  the»oetic  model  to  represent  the 
region  being  serviced.  The  communities  arc  represented  by  the  nodes  while  the  road  network 
is  represented  by  the  arcs  of  the  graph.  In  his  work,  the  objective  is  one  of  minimising  the 
maximum  of  the  shortest  distances  between  the  vertices  and  the  service  center.  In  the 
present  work,  the  region  being  serviced  is  represented  by  a  convex  polygon  and  commu¬ 
nities  are  spread  over  the  entire  region.  The  objective  is  to  minimize  the  maximum  of  Eu¬ 
clidian  distances  between  the  service  center  and  any  point  in  the  polygon.  Two  methods 
of  solution  presented  are  ii)  a  geometric  method,  and  IB)  a  quadratic  programming  form¬ 
ulation.  Of  these,  the  geometric  method  is  simpler  and  more  efficient.  It  is  seen  that  for 
a  class  of  problems,  the  geometric  method  is  well  suited  and  very  efficient  while  the  graph 
theoretic  method,  in  general,  will  give  only  approximate  solutions  in  s]>ite  of  the  increased 
efforts  involved.  But.  for  a  different  class  of  problems,  the  graph  theoretic  approach  will  be 
more  appropriate  while  the  geometric  method  will  provide  only  approximate  solutions  though 
with  ease.  Finally,  same  feasible  applications  of  importance  are  outlined  and  a  few  mean¬ 
ingful  extensions  are  indicated. 


1.  INTRODUCTION 

Hakimi  [2]  has  considered  a  class  of  problems  dealing  with  the  determination  of  optimal  location 
of  service  centers,  such  as  hospitals  and  police  stations.  In  his  graph  theoretic  formulation  of  the 
problem,  the  nodes  and  arcs  represent,  respectively,  the  communities  and  road  network.  The  optimal 
location  obtained  minimizes  the  maximum  of  the  shortest  distances  from  the  service  center  to  the  ver- 
.ices  of  the  graph.  A  more  general  version  of  the  problem  has  been  solved  by  Frank  [1J  using  the  idea 
of  a  game  defined  on  the  graph.  Subsequently  Hakimi  |3]  has  also  considered  the  problem  of  determin¬ 
ing  the  minimum  number  of  policemen  and  their  hteations  in  a  highway  system  so  that  the  distance 
from  any  poir.i  in  the  highway  system  to  the  nearvst  onliceman  will  not  exceed  a  specified  value. 

In  this  paper,  a  convex  polyhedral  region  is  considered  and  communities  are  assumed  to  be  spread 
over  the  entire  region.  Further,  it  is  assumed  that  the  distance  between  two  points  in  region  is  the  usual 
Euclidian  distance.  These  assumptions  are  realistic  if  the  transportation  medium  follows  a  straight  line 


’Thr*  report  wn  prepared  a*  tart  of  the  activities  of  the  Department  of  Operations  Research.  School  of  Management. 
Case  Western  Reserve  University  (under  Contract  Number  DAHC  19-68-0000?  with  I ’reject  Themis  i.  Reproduction  in  whole 
or  part  h  permitted  for  any  purpose  of  the  United  Slates  Govern  men). 
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path  as  in  the  case  of  a  helicopter.  Further,  this  model  is  exact  for  determining  the  optimal  location 
for  a  radio  transmitting  station  or  a  radar  station.  It  is  also  a  very  good  approximation  when  the  road 
network  is  hijddy  developed  and  the  simplicity  of  the  solution  method  makes  it  attractive  in  these 
cases  as  well  The  objective  here  Is  one  of  minimizing  the  maximum  distance  from  the  service  center. 
The  two  methods  of  solution  presented  are  ti)  a  geometric  method,  and  fiil  a  quadratic  programming 
formulation.  The  appropriateness  of  the  formulation  presented  in  this  paper  and  that  of  Hakimi  [2j 
is  discussed  and  the  results  in  a  specific  example  are  compared.  In  certain  applications  the  geometric 
method  of  solution  is  shown  to  be  more  appropriate  and  efficient  than  the  graph  theoretic  method 
of  solution  provided  by  Hakimi  [2J.  In  situations  where  HakimPs  solution  is  more  appropriate,  the 
geometric  solution  will  be  only  approximate,  but  with  considerably  less  effort.  Some  feasible  appli¬ 
cations  of  importance  are  outlined  and  useful  extensions  are  indicated. 

2.  STATEMENT  OF  THE  PROBLEM 

Let  the  convex  polygon.  P.  under  consideration  have  a  finite  number  of  comer  points  numbered 
1,2,...  ,  n.  (It  may  be  noted  that  a  nonconvex  polygon  can  he  converted  to  a  convex  polygon  by 
joining  some  of  the  comer  points.)  Since  the  polygon,  P,  is  convex  the  largest  distance  from  a  location 
point,  c.  will  be  at  one  or  more  of  the  comer  points.  Define  d(i,  c)  to  be  the  distance  between  c  and 
comer  point,  i.  Now  the  problem  is  to  determine  the  location  c  so  that  max  d(i,  e)  is  minimum. 

I 

3.  PROPERTIES  OF  THE  SOLUTION 

In  this  section  some  inportant  properties  of  the  solution  are  established  so  that  the  geometric 
method  of  solution  presented  In  the  next  section  will  be  clear. 

The  optimal  solution  to  the  problem  can  be  characterized  by  the  covering  circle  of  the  convex 
polygon.  The  covering  circle  of  a  convex  polygon  is  defined  as  the  smallest  circle  that  will  cover  the 
polygon  entirely.  Obviously,  the  optima)  location  is  at  the  center  of  the  covering  circle.  Thus,  the  prob¬ 
lem  is  one  of  determining  the  center  c  of  the  covering  circle  of  the  convex  polygon,  P. 

THEOREM  I:  The  center  of  the  covering  circle  of  a  convex  polygon.  P.  is  always  within  P. 
PROOF:  Consider  a  center  e'  outside  P.  Now  find  a  point  c  in  P.  such  that  die.  c')  is  minimum. 
Obviously,  the  point  c  is  unique:  it  could  be  one  of  the  comer  points  or  a  (mint  on  one  of  the  sides  of 
P.  Both  these  cases  are  illustrated  in  Figure  1.  The  radius  of  the  smallest  circle,  with  center  c\  that 
would  cover  P  is  d(k\  c'),  where  k‘  is  the  copier  point  farthest  from  c\  Similarly,  the  smallest  circle, 
with  center  c,  that  would  cover  P  will  have  a  radius  of  d(k,  c).  where  k  is  the  comer  point  farthest 
from  c.  Since. 

d(k.  cl  <  dW.  cl 

and 

d(k .  ej  <  d{k.  c’). 

it  follows  that 

(1)  </U.  c)  <  dU\  cl 

Inequality  (1)  shows  that  there  is  a  smaller  cm-Je.  whose  center  is  within  P.  that  would  cover  the  entire 
polygon.  This  is  a  contradiction  which  completes  the  proof.  This  is  illustrated  in  Figure  I. 

THEOREM  2:  The  diameter  of  the  covering  circle  of  a  convex  polygon  cannot  be  less  than  its 
hugest  diagonal.  (The  hugest  diagonal  of  a  convex  polygon  is  the  straight  line  joining  the  two  comer 
points  that  are  farthest  from  each  other.)  The  proof  of  this  theorem  is  obvious. 
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FlCUffi  1.  Proof  «*f  Thrown  1 


C  0 


Flume  2.  ItluMntinn  of  Theorem  2 

•For  the  rt»p«iiw  polypja*  4,  B.  ami  C  are  cmrinf  caries,  while  D  b  ML 

THEOREM  3:  The  covering  circle  of  a  convex  polygon  will  pass  through  two  or  more  of  its  corner 
points  and  all  such  corner  points  cannot  be  on  less  than  half  the  perimeter  of  the  circle. 

The  proof  of  this  can  be  easily  seen  through  contradiction.  The  theorem  is  iDustrated  in  Figure  2. 

4.  METHODS  OF  SOLUTION 

In  this  section,  first,  a  geometric  method  of  solution  is  presented  and  illustrated.  Also,  a  quad* 
ratio  program  that  solves  the  problem  is  provided.  But  no  attempt  is  made  to  compare  the  two  methods. 
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since,  in  all  practical  problems  the  geometric  method  will  be  done  manually  while  the  quadratic 
program  will  be  solved  on  a  computer.  When  the  two  methods  require  such  different  means  a  com¬ 
parison  of  computation  time  is  not  meaningful.  However,  based  on  prior  experience  with  quadratic 
programs,  the  authors  strongly  believe  that  the  geometric  method  will  be  more  efficient.  Further,  it 
is  very  simple. 

Geometric  I fethod: 

Step  I:  Find  the  farthest  comer  (mints  {r.  s)  of  P.  (If  (here  are  more  than  one  such  pair  take  any 
one  of  them.) 

Step  2:  Determine  the  smallest  of  the  angles  subtended  by  the  diagonal  r-s  at  the  comer  points 
on  each  side  of  t—s.  I  et  these  angles  be  0,  and  and  the  corresponding  comer  points 
be  i'i  and  r».  resfiectively.  If  0,  -f-  tt-  5=  180®  go  to  Step  3:  otherwise  go  to  Step  4. 

Step  -i;  Tlie  optimal  location  [mini  r  (i.e..  the  center  of  the  covering  circle)  is: 

(il  the  midpoint  of  the  diagonal  t—s  if  6,  -  90®  and  6t  90° 
lit)  the  circumcenter  of  the  triangle  rsv i  if  0,  <  90° 
iiii)  the  circumcenter  of  the  triangle  rsv*  if  6s  <9 0s. 

(Step  3  gives  the  solution  and  hence  the  algorithm  terminates  here.) 

Step  t:  Find  the  next  largest  diagonal  and  work  through  the  above  steps. 

PROOF:  Tlte  proof  is  given  for  each  of  the  three  cases  of  Step  3  considering  the  nature  of  the 
solution  obtained  therein. 

(i)  The  diagonal  r-s  is  the  lower  Imund  on  the  diameter  of  the  covering  circle.  Since  6,  3*  90s  and 
6 1  S'  90°.  the  circle  with  center  at  the  midpoint  of  r-s  and  diameter  r-s  covers  P,  and  hence  it  is  the 
required  circle. 

(il)  The  circle  circumscribing  the  nonobtuse  triangle  rsv,  is  the  smallest  circle  that  can  cover  rsv, 
and  this  circle  bv  construction  covers  all  the  comer  (mints  of  P  and  this  is  therefore,  the  required 
circle, 

(iiii  The  same  argument  given  for  tii)  above  holds  goad. 

It  is  of  interest  to  note  that  the  number  of  iterations  in  this  method  is  finite  since  I  in-  number  of 
comer  (mints  n  in  P  is  finite.  In  fad  the  solution  will  he  either  the  midpoint  of  the  largest  diagonal  or 
the  circumcenter  of  one  of  the  triangles  which  could  lie  formed  with  tlie  comer  points  of  the  polygon 
such  that  the  eireumcenter  radius  of  cat  i .  will  not  be  less  than  dir.  s)l'Z.  Therefore  the  number  of 
iterations  is  hounded  by  the  number  of  such  triangles  thereby  making  the  method  very  efficient.  Solu¬ 
tion  of  an  example  is  presented  in  Figures  3  and  4.  showing  the  required  iterations. 

.1  Quadratic  Programming  Formulation: 

As  stated  in  Section  2  above,  the  problem  is  to  determine  a  point  c  such  that  max  d(l.c)  is  mini- 

i 

mized.  This  can  he  formulated  as  a  quadratic  program  as  follows. 

Let  the  coordinates  of  the  comer  (mints  of  P  lie  denoted  by  (}i’  yf  If  =1.2 . n  and.  those  of 

c  by  (r*.  Also,  define  d=  max  dd.  c l  Then. 

d  S'  «/(i.  c) 

or  equivalently. 

*2)  tP  ==  (_v!->1>-+  i  —  1.2, ....  n. 

Now  defining  a  new  variable  k  =  di—ixsF—ix-)i.  the  problem  reduces  to  the  following  quadratic 
program. 
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3.  INuMra'Hm  of  she  geometric  method  (fitst  iteration) 


Determine  A.  ,v:  and 

(3)  niinimizinp  A4 

subject  to  2r‘r1 +  2x-y~  +  X  5=  •_>' )*  4  (yfh.  .  .  .  ,  a. 

This  quadratic  program  can  be  solved  by  sny  one  of  the  well  known  methods,  many  of  which  are  finite. 

5.  COMPARISON  WITH  H4KIMTS  WORK 

Firstly,  it  should  be  noted  that  Hakimi  |2|  assumes  that  the  customers  are  concentrated  at  the 
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various  vortices  of  the  piph  which  represents  the  region.  In  the  present  wort,  the  customers  are 
allowed  to  be  spread  over  the  entire  convex  polygon  representing  the  region.  Therefore,  it  is  clear 
that  the  two  problems  are  distinctly  different:  however,  Uakiini’s  method  can  give  a  close  approxima¬ 
tion  to  the  present  problem  if  a  very  large  number  of  vertices  are  introduced  in  the  graph  or  a  fine 
gnd  is  used.  But  such  an  approach  will  make  his  method  less  efficient  from  computational  point  of 
view.  For  the  same  number  of  vertices,  in  the  graph,  Frank  s  method  fl]  will  be  a  better  approxima¬ 
tion  since  in  this  formulation  customers  are  allowed  to  be  also  on  the  various  branches  of  the  graph. 

From  the  above  it  can  be  concluded  that  for  a  certain  class  of  service  centers,  such  as  radar 
stations  or  radio  transmitters,  the  geometric  method  of  solution  is  exact  and  very  efficient  while  the 
^aph  theoretic  methods  of  Hakinii  and  frank  will  provide  only  approximate  solutions.  Further,  a 
good  approximation  to  be  obtained,  their  methods  would  require  considerably  high  level  of  computa¬ 
tional  efforts.  However,  there  may  be  certain  location  problems  for  which  the  graph  theoretic  methods 
are  well  suited  and  in  such  cases,  indeed,  the  geometric  method  will  provide  only  approximate  solu¬ 
tions  but  with  ease.  However,  it  is  conceivable  that  in  some  problems,  the  geometric  method  as  well 
as  the  graph  theoretic  method  may  give  identical  or  close  solutions:  but  this  is  a  rare  event  dependent 
upon  the  graphic  abstraction  for  a  given  region  for  this  to  happen.  Obviously  one  cannot  base  the 
choice  of  method  on  such  a  rare  event. 

For  illustrative  purpose,  a  triangle  is  considered  and  the  solutions  obtained  by  all  the  three  methods 
are  shown  in  Figure  5.  While  solving  with  the  graph  theoretic  method  the  complete  graph  given  by  the 
polygon  is  used:  no  additional  vertex  is  introduced.  This  approach  has  been  suggested  by  one  of  the 
referees.  In  the  example,  the  complete  graph  is  therefore  the  very  same  triangle.  Frank  s  method 
gives  an  infinite  number  of  optimal  solutions,  namely,  every  point  on  the  sides  including  the  vertices, 
but  the  one  which  is  nearest  to  the  geometric  solution  is  considered.  The  solutions  obtained  by  the 
geometric  method.  Frank  s  method  and  Hakimi  s  method  are  denoted  by  G,  f",  and  H .  respectively, 
in  Figure  5.  It  is  seen  that. 

max  f/ti.  G):  max  d(i.  F):  max  d(L  //>  -  J:l*5:  VlT 

*  i  i 

It  should  he  noted  tliai  the  only  means  of  improving  the  solution  in  the  graph  theoretic  method  is 
by  approximating  the  region  bv  a  fine  grid,  but  this  would  involve  a  considerably  larger  amount  of 
computational  effort. 


Foaae.V  Salrlkso  nf  a  with  igffrrmi  mrlf><nts 

^-rtMSnrtrir  Mrtbod.  F- Franks  Mrttwd.  and  H-Hsfeani's  Mrt.W) 
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6.  FEASIBLE  APPLICATIONS 

(i)  Location  of  a  Radar  Slalom  or  a  Radio  Transmitter: 

The  region  to  be  scanned  I»v  a  radar  station  could  be  represented  by  a  convex  polygon.  Then  tin* 
optima]  location  of  the  station  which  would  minimue  the  maximum  distant*  to  be  scanned  is  given  by 
the  center  of  the  covering  circle  of  the  convex  polygon.  The  required  power  of  the  station  is  dictated 
by  the  radius  of  the  covering  circle.  Similar  arguments  will  h*dd  good  in  the  case  of  a  radio  transmitting 
station  also.  The  geometric  method  of  solution  presented  is  well  suited  for  this  type  of  problem, 
til)  Location  of  a  Hospital  for  Emergency  Cases: 

In  a  combat  area.  L1-  'jospitals  have  to  be  located  to  provide  emergency  treatment  of  injured 
pet  sonnet,  Normally  the  injured  personnel  will  be  brought  by  helicopters.  Helicopters  can  be  assumed 
to  follow  the  straight  path  to  the  hospital  In  this  situation,  the  geometric  method  of  solution  is  applicable. 
(Hit  Location  of  «  Polk*  Station  or  a  Fire  Station; 

Police  and  station  personnel  normally  us**  road  vehicles.  Therefore,  the  solution  given  by  the 
geometric  metln«:  will  be  only  approximate.  However,  this  approximation  will  lie  a  good  one  provided 
the  road  network  is  well  developed  all  over  tire  region. 

7.  DISCUSSION 

The  translation  of  the  optimal  location  problem  to  one  of  finding  the  covering  circle  of  a  convex 
polygon  is  of  theoretical  novelty  and  the  geometric  method  of  solution  presented  is  simple  and  efficient 
Solution  by  quadratic  programming  may  require  considerable  computational  effort.  The  characteriza¬ 
tion  of  the  covering  circle  may  be  of  interest,  ako.  in  contexts  other  tlian  location  problems. 

The  geometric  method  »  well  suited  in  the  case  of  service  centers,  sucb  as  radar  stations  or  radio 
transmitting  stations.  In  these  cases,  the  graph  theoretic  model  can  give  only  approximate  solutions 
in  spite  of  increased  effott.  Further,  if  the  read  network  is  well  developed,  this  method  will  give  a  good! 
approximation  to  the  optimal  location  of  service  tenters,  such  as  a  police  station  or  a  fire  station. 
Although  the  two  methods  may  result  in  the  same  or  close  locations  in  some  problems,  it  is  not  gen¬ 
erally  true.  Such  a  result  is  heavily  dejwndent  on  the  graphic  abstraction  of  the  region.  But  there  may 
be  certain  problems  for  which  only  the  graph  theoretic  model  is  capable  of  finding  an  accurate  solution. 
Thus  there  are  distinct  classes  of  |iroh!ems  for  which  these  methods  may  be.  respectively,  applied. 

In  this  paper  only  a  single  service  center  is  considered,  (ieiieralfeations  of  the  methods  for  solving 
the  problem  of  locating  several  identical  service  centers  will  In:  of  theoretical  novelty  and  practical 
value.  Further,  the  question  optimal  addition  of  service  centers  to  a  system  already  in  operation  is 
meaningful  and  a  method  for  answering  this  question  will  lie  of  immense  value. 

*.  CONCLUSIONS 

1.  The  optimal  location  of  a  single  service  center  «f  certain  tyjics  is  at  the  renter  of  the  covering  circle 
of  the  convex  polygon  representing  the  region  to  be  served. 

2.  The  properties  of  the  covering  circle  are  established  and  a  finite  geometric  method  of  solution  is 
presented  and  illustrated.  Also,  it  is  shown  that  the  problem  could  lie  solved  hv  a  quadratic  program. 

3.  The  appropriateness  of  the  geometric  method  and  the  graph  theoretic  methods  available  in  litera¬ 
ture  is  discussed. 

4.  The  geometric  method  of  solution  has  distinct  applications  where  other  methods  are.  in  general, 
inappropriate  and  less  efficient. 

5.  There  could  he  some  eases  where  the  geotneirir  method  is  inappropriate,  hut  in  some  of  these  eases 
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it  may  give  approximate  solutions  with  ease.  However,  if  a  high  accuracy  is  desired  this  method 
should  not  be  used  unless  appropriate. 

6.  A  few  feasible  applications  are  outlined  besides  indicating  a  few  extensions, 

REFERENCES 

[1|  Frank.  H-.  “A  Note  on  a  Graph  Theoretic  Game  of  Hakimis.”  Operations  Research  15, 567-570 
(1957). 

{2j  Hakimi.  S.  L..  "Optimum  Location  of  Switching  Centers  and  the  Absolute  Centers  and  Absolute 
Medians  of  a  Graph."  Operations  Research  12, 450-459  (1964). 

[3j  Hakimi.  S.  L.  "Optimum  Distribution  of  Switching  Centers  in  a  Communications  Network  and 
Some  Related  Graph  Theoretic  Problems.”  Operations  Research  13, 462-475  (1965). 


SCHEDULING  WITH  EARLIEST  START  AND 
DUE  DATE  CONSTRAINTS 

Paa!  Brailt-r,  Honan. 

rf^wi 

Rut»ij4fd 
l ?z/of Mint i tjU* 

i  Ww?|gf  *  I** hi  frig  f 


ABSTRACT 

tf  .-unaiin  fe  Ktntfa  4  e  tartna  a  jiigjr  1^.^.  fatt  toi 
Iw  pmvmte  *ti»~  a.  hr  ttmj&tei  tr  timr  fo.  jsd  ns**.,  rf  timr  uoiBt.« 

r****s‘  i,'m  **  lo  *’”*  3  irfjcdiiS?  Bat  mtmtmeo  tfo  >%d  lime'  to  oanpielr  ill  jife 
*e  [^nl  snfcoi*  -*fo>rithm>  fn,  thi.  fwfafoa  »bri.  >4  sj*ji«  i,  j-amiirJ  a»J  „Wm 
»p5**«e  b  «e  permitted.  Ttwe  He  nssHtJer  several  »MAi;  situa»ba>  lake  k  amr 

®  pTJrtKT  wWfr  tbr>c  tau<M«  t;i.|V  gj^f 


I-  INTRODUCTION 

We  consider  the  scheduling  of  a  tasks  on  a  single  resource  (machine).  The  tasks  (Jobs)  become 
available  for  processing  at  times  a,3(l.  require  4  time  amts  for  processing,  and  mast  be  completed 

by  time  A.  *  - 1 . e.  The  aim  k  m  determine  whether  there  exists  a  feasible  schedule  that  satisfies 

all  constraints  and  if  so  to  find  the  schedule  that  minimizes  the  total  elapsed  time. 

Several  forms  of  tins  problem  have  been  treated  earlier.  Ford  and  Fulkerson  [1.  p.  65]  discuss  the 
problem  when  there  is  no  j»b  slack,  i-c..  4-6-0,.  and  give  a  method  for  finding  the  minimum  number 
of  resources  to  complete  aH  tasks.  If  the  ewfart  start  constraints  are  relaxed.  Le,.  .f  all  the  o,  are 
aero,  Jackson  [2]  has  showed  that  the  maximum  job  lateness  ivfotatfon  of  its  due  date)  is  minimized 
b>  ordering  the  jobs  in  the  order  of  nondecreasing  due  dales.  If  the  maximum  lateness  k  zero,  then  aD 
tasks  may  be  performed  using  one  resource  and  meet  the  due  date  constrainls. 

We  shall  present  solution  algorithms  for  two  versions  of  this  problem.  First  we  aBow  fob  splitting. 
Under  this  assumption  it  b  only  required  to  complete  4  units  of  work  between  a,  and  6,.  The  omlUo 
untl  of  wri  ,*  the  time  unit  considered.  We  show  that  this  problem  may  be  solved  with  a  -labeling" 
type  algorithm  and  then  generaBze  the  modd  to  consider  several  resources  of  the  same  type.  Then  we 
consider  the  problem  when  no  fob  splitting  k  allowed.  We  develop  an  implicit  enumeration  algorithm, 
that  has  very  strong  exclusion  features,  to  obtain  .be  solution  of  thk  version  of  the  problem.  Finally 
we  shall  consider  several  scheduling  situations  wWcfa  arise  in  practice  where  these  models  may  appfo 

2.  JOB  SPLITTING  PERMITTED 


It  is  convenient  to  visualize  thk  problem  as  follows.  Consider  the  rectangular  matrix  that  has  a 
column  for  each  fob  and  a  fine  for  each  unit  of  Ume  available.  There  are  max(4.t  fines  and  m  columns. 


In  thk  matrix  we  dre"  dkimguish  between  mfmisulJr  and  itmdmissiUr  cells.  For  fob  i  the  cell  {Lit 
b  admissible  if  a,  j  *  and  inadmissible  otherwise.  In  other  wads  the  admBsible  eefis  correspond 
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to  the  time  periods  where  the  task  may  he  performed.  Time  period  I  starts  at  time  0  and  ends  at  time  1 
An  example  is  illustrated  in  Figure  1. 
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We  associate  with  each  row  an  availability  of  one  unit  lof  timet  and  with  each  column  a  reqeirc- 
rnenl  of  dj.If  job  »  i?  hemp  wocessed  at  time /.  a  !  plared  in  the  admissible  cell  ti.j)  represents  this 
allocation.  It  is  easy  to  see  now  that  this  problem  b  equivalent  to  that  of  Hurling  a  set  of  !"s  placed  is 
admissible  cells  such  that  column  sums  satisfy  the  requirements  dL  and  each  line  contains  at  most  a 
single  1.  In  network  terminology,  the  problem  b  that  of  finding  a  feasible  flow  in  a  bipartite  network 
tbra  has  an  an-  for  each  admissible  cell,  sources  of  at  nosst  I  unit  of  flow  and  sinks  of  J(  unit#  of  flow. 

See  FJjotcSL 
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» £%££££?  r  “ ,i!"  “ai“d  "■  ^  «°»  -  ■».— u.  odb 

A  A  atem‘""’r  ^  *•<*-  HI.  mA,  b,  OTplo«d  >„  Ab.,0,, . 

„* l^tzz  'T  ^ .*** of « z; 

umt  and  each  adna^OJe  eeU  may  contain  at  roost  a  single  1. 

,  J,  .  ^*7  ™  assignment  of  I  s.  If  all  the  column  demands  are  satisfied— STOP—  A  feas'tl 
schedule  has  been  constructed.  Otherwise  continue  to  step*  MOP— A  feasible 

•  f'!  R<  '‘tinr  Label  rach  Cne  that  does  not  contain  a  I  by  (-».  Neal  select  a  marked  So 

t  and  label  all  mdabeled  columns  i  «i»ch  tin#  /  -  •  ,  ,  '  unr 

labeled  n«c  Ren™,  ,be  ™  . {  ?  “  **  *d®d!f  «**  wi,h  *****  O').  Repeat  for  all 

rws.  Repeat  I  lit-  successive  row  and  cofomu  l.-d—t;#,..  ,  ,  . , 

»  U«w  c  3  "lT\",h  „  UM»fcfod 

it.  ,  1  >,ct  ■>.  Ulbcrmse,  if  no  more  labels  mav  lie  assigned 

no  breakthrough  occurs  the  problem  is  infeasible.  '  ^ 

f3j  Chaaee  f I  s  ,n  *&*  containing  a  1  that  ha.  ja«  been  labeled,  assign  a  1  in  the  line 

sf"  rxi  “*  ■“  *°*  **  * » **  «*—  i„  ils  ^ 

for  nil  commas  and  fiscs  labtlciL  ’ 

Tire  form  of  the  solution  algorithm  allows  the  generaErafion  of  tbe  problem  to  multiple  resources 
e  avanabdity  at  eacb  line  „  equal  ,o  tbe  number  of  resources  I  machines.:  however,  each  admissible 

7  'Zi'ZZZl  3  TS  !'  FurtWrm‘^-  if  R*  — »-r  of  resources  varies  over  the  horizon  ^ 
he  scheduling:  problem  each  line  may  then  have  different  availabilities. 

3.  JOB  SPLITTING  NOT  PERMITTED 

resttulV  ^re  lir^  ^  *”  ibe  ^  ««*«*»**  -  .asks  on  a  single 

r  '  sequences:  however.  many  of  these  are  infeasible  due  to  the  violation  of  a  due 

date.  We  pnqwse  t«  enumerate  impiiciitv  all  the  oosslhu  „r  ,  .  , 

u  .  ..  ,  ^  -  ,,lr  I1****"*  onfcfin^  by  a  branch,  exclude  and  boned 

type  algorithm.  We  desofte  and  justify  the  algorithm  in  the  following 

Branching:  We  enumerate  tbe  puss&le  senuences  l.v  a  «_*  „ 

or  origin  of  the  tree  we  h™w-tT,  .  H  **"**"**"*-  Kr,,m  «»*  i“i*w?  node, 

7  T  "**  °°  **  ^  ^ ^  dan‘  «**  E-h  of  these 

each  .  !  Z  ZZ^nm""'  *'  ^m’  ",l~lhr  *”*  ,n  ,H'-  We  assoeia-V  with 

each  resle  the  eomp!e«m»  time.  r„  of  the  task  in  this  i-tsition.  i.e..r  >  =  a.  +  </<.  Next  we  branch  from  each 

node  cat  tbe  first  level  I*  I*  - 1 1  nodes  on  the  second  leccL  Each  of  there  nodes  represents  tbe  i 

tnent  of  eacb  of  the  f  *  - 1 J  onassfened  tasks  _ _ -  ..  rc,a«ents  tbe  assign 

the  corrcs,-mdin-  node  #!„.  ^  “  **  *"***<*:  As  before,  we  associate 

‘IJ  .  T  ^ lmCOnhe (^t  +  4.  We  continue  in  similar 

.t^!i*TaST  ^  ^  B* *****  a**  f»-*  + 1)  «w  nodes  generated  from  each  node  on 

he  preceding  fere*.  I,te  evident  that  aB  the  »!  ordering  are  enumerated  m  this  wav 

Recogniunc  nn  optima!  ««im c  Suppose  that  a  feasible  solution  ha.  few,  operated.  If  this  sofa.- 
may  be  identified  »  an  optimal  sohai™,  -  generated.  If  this  Nation 

.  ,  ,  .  „  I  ‘ben  the  computatwns  may  be  terminated,  unkss  one  i, 

interested  n  all  optimal  saimkijM  T<t  .c  .l'  r 

- _ .  .  1 ^unmswmmte.  1^ O  do  the  we  focus  our  anattro  «,  e«tain  greura  of  tasks  in  a 

pvenwdentigwhrehweeaDbbreks.Afi/odlisagreupofiotesuchth-il^s^i.r^  . 

start  time  and  all  the  Wbwin-  jr^  to  tl»  end  of  the  seou«r*  Ja  f®*5  31  **s 

The  length  of  a  Mark  is  »t»  r  .  of  the  sequence  me  processed  without  any  delaw. 

.  -  ' 3  ‘  k  »  »*«•  sum  rf  the  Processing  times  of  the  task,  in  the  bJocfc,  A  Hock  mav  be  f.mod 

by  scanning  tbe  feasibfe  solution  fftmtmg  from  tbe  Iasi  «k  in  it,,  ~  ,  ' 

^  ,  .  ,  swing  irom  me  last  job  m  tbe  re^woce  and  attempting  to  find  a 

group  of  task,  that  satisfies,  the  defiaftbm.  If  a  block  has  the  r-T.„ _  .l  *  'ln'' 

the  tasks  h,  ike  iiL.i  ,  ^  ‘bewop^tythatlmearikst  crimes  of  afl 

the  tasks  the  block  are  greater  than  or  eipial  to  the  earfies,  start  rime  of  the  first  tack  in  the  block 
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leariks!  start  property!,  then  the  feasible  sofmlon  found  fa  clearly  eptimab  Two  particular  optimal 
solutions,  if  they  are  feas&ie.  are  the  schedules  of  duration  u.+ d*.  where  u-=max  {a,},  or  of  duration 

i 

r 

S  ,n  ,be  fin*  lf“-  consists  of  tire  job  with  the  latest  earfiest  start  time  and  in  the 

second  the  block  consists  of  all  tire  tasks  to  be  performed. 

If  a  block  is  found,  to  does  not  hare  the  earliest  start  property,  one  may  scan  the  schedule  for 
the  existence  of  a  larger  Mock  that  may  contain  the  tasks  of  the  block  found.  Furthermore,  if  the  block 
found  dues  not  bare  the  earfiest  start  property,  tire  enumeration  of  all  other  orderings  for  the  tasks  in 
the  block  may  be  excluded  since  the  order  of  the  block  is  the  best  subsequence  for  these  tasks  and 
one  may  backtrack  to  the  feed  of  the  tree  that  corresponds  to  the  first  task  in  the  block. 

Exclusion.  Consider  tire  (n— k+I)  new  nodes  generated  on  level  k  of  the  tree  construction.  If  tire 
finish  time  t*  associated  with  ~i  least  one  of  these  nodes  exceeds  its  due  date  then  all  these  nodes  may 
Ire  excluded  from  farther  consideration.  The  justification  for  this  exclusion  feature  fa  tire  following: 
if  any  of  tlrese  tasks  exceeds  its  due  date  in  position  k  of  the  ordering,  it  will  certainly  exceed  this  due 

dale  if  it  fa  scheduled  later.  Since  aH  the  other  nodes  represent  orderings  in  which  the  task  in  question 

fa  scheduled  bder.  they  may  be  aD  omitted 

Problem  Decvmpnlm:  Another  means  available  to  curtail  the  enumeration  .4  solution-  fa  to  recognize 
that  the  problem  split-  da-  to  the  earfiest  start  constraints.  Consider  level  X  and  suppose  we  generate 
a  node  on  that  level  for  fid,  f.  This  fa  equivalent  to  asMgnmg  job  f  in  position  *  of  the  sequence!  Lei 
us  fin, sb  time  in  this  position  be  if.  If  tf  fa  less  ,han  or  equal  to  tire  smallest  earfiest  start  time  of  the 
unscheduled  jobs  then  tire  problem  decomposes  at  level  i  and  one  need  not  backtrack  beyond  levH 
1.  Tire  |uoof  of  this  corns  exclusion  feature  fa  tire  following.  The  best  schedule  for  tire  remaining 
» o  -  i  l  jol*  may  not  be  started  prior  to  the  smafiest  emfiesl  start  time  among  these  fofo  Thu-  the  order 
of  the  first  X  fobs  cannot  atfo.  t  the  time  required  *  preens  all  fob,  when  the  -rated  LfitkJ 
Hoandin-:  Suppose  that  a  feasible  solution  has  been  constructed  and  it  fa  not  optimal  Its  value  is  tire 
cwnplrt  ion  time  of  tire  last  task  m  the  sequent*.  Let  ihfa  value  be  rria.  We  redare  then  all  tfe  due  date# 

it  to  he  a!  most  /a*  —  1.  This  ensures  that  if  other  feasible  solutions  exist,  only  ttoe  that  are  better 
timti  ihe  ^lulion  at  hand 

Let  c  Ire  the  index  «f  lire  level  in  tire  tree,  it/ I  be  the  index  of  nodes  «n  level  k  and  /  the  last  level 
that  we  need  to  backtrack  to.  The  detailed  steps  ..f  the  algorithm  are  as  follows: 

Initialize 

®  k=0.  l~0 

fl  flfft  /r’f  r/  aS 

©  X  — k-e  I 

©  If  any of  the  fa-k  *  li  possible  new  nodes  fa  doe  date  infeasible.  pnu» 

®  If  aH  the  nodes  hare  been  senerated  on  t hfa  fori,  pr-  to  7.  <  toeratc  inrvMe  iikl  for  the  next 
^  UBschcdded  fob  tm  lerel  k.  Sare^-t-  If  the  schedulr  fa  compiele  go  in  6, 

©  If  the  problem  splits  at  il»  lereb  set  /=*,  tfo  t«*  J 

®  If  a  Work  ran*be  fond  that  has  the  earfcst  Stan  preperty-STOP-ibc  solution  fa  optimal 
Otherwise  set  k—k".  where  t'  is  tire  ievc!  (pritfood the  first  task  in  the  block  md  return  to4. 
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Hltle  time,  or  else  sninewlial  more  lime  than  the  average. 

Table  1  summarises  some  of  the  experimental  results  obtained.  The  times  quoted  are  in  seconds, 
measured  on  a  CDC  f*40G  using  the  optimising  Fortran  compiler  (FTN). 


Table  1 
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Remaining  Problems 

Minimum 
Time  fur 
Solution 

Maximum 
Time  for 
Solution 

i 

25  .  200 

• 

i 

s  ;  so 

. 

’ 

_  - 

50 

0.341 
0.192  J 
0.120 

0.034 

0.059 

i  * 

i 

25  .  200 

1  1 

! 

i  ■ 

;  ! 

10  !  30  ••  23 

•  ! 

>  150  h 

1 47.975  “ 
0.850  3 

•  i 

1 

0.025  1  0.204  ! 

J  i 

1  i 

;  . . ! 

U.0I0-* 

50  !  500 

\ 

1  . ! 

1  ! 

10  !  100  |  25 

i  ! 

;  i 

5.197 

1.943 

1.390 

1.315 

1  > 

1 

1 

o.;  g  ;  0.868  i 

i  ! 

0.022“ 

! 

* 

too  j  i.ooo 

; 

l 

i 

:  i 

•  » 

io  s  m  J  is 

>300- 

>300* 

>300- 

>2u0- 

66.986 

— - - - ... 

0.99* 

_  ... 
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! 

18.250  j 

j 

i 

-  PmMrin  with  no  feasible  solution. 
*’  Problem  riot  run  to  runi|>iiii..n. 


In  the  worst  ease,  as  can  be  seen  from  the  results  •  I-  *ve.  there  is  simply  n«»  way  of  avoiding  the 
enumeration  of  very  many  (mssiblc  schedules,  but.  in  general,  it  seems  that  the  exclusion,  bounding, 
and  problem-division  features  of  the  algorithm  enable  it  to  cope  with  problems  involving  .i  considerable 
number  of  jobs.  If  one  be.'  s  in  mind  that  the  number  of  possible  orderings  of  25  jobs  is  about  1.5  X  10s. 
and  of  100  jobs  about  9.3  x  10,3T.  the  surprising  fact  is  not  that  the  algorithm  occasionally  requires  a 
considerable  time  to  find  the  solution  of  a  problem,  but  rather  that  it  is  so  often  capable  of  finding  the 
solution  quickly. 

We  may  tentatively  conclude  from  the  above  table  that  the  chances  of  being  able  to  solve  a  25  or 
50  job  problem  in  a  reasonable  time  are  good,  while  about  one  third  of  the  100  job  problems  will  cause 
trouble. 

A  FORTRAN  code  of  the  algorithm  may  Ire  found  in  the  ap|>endix. 

4.  APPLICATIONS 

A  typical  situation,  where  a  problem  o*  *his  type  occurs,  is  in  the  ojreratioii  ■"’a  data  processing 
installation.  1  here  is  only  one  computer  available  to  process  the  various  tasks.  The  preparation  of  the 
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data  for  each  task  is  c  anpieted  at  Ume  the  output  must  he  available  by  time  6/,  and  each  task  re¬ 
quires  d,  units  of  central  processor.  Typical  tasks  are  the  preparation  of  the  payroll  or  the  report  on 
accounts  receivable.  The  problem  then  is  to  select  an  order  of  the  tasks  that  allows  the  completion  of 
alt  tasks  before  their  due  dates.  .Sometimes  it  is  possible  to  divide  the  jobs  into  integral  units  of  process¬ 
ing  time.  The  processing  «f  a  job  may  be  interrupted  and  then  restarted  after  the  processing  (partial 
or  <  ompletel  of  a  different  job.  This  situation  corresponds  to  the  assumption  of  section  2.  that  job  split¬ 
ting  is  permitted. 

A  similar  problem  may  arise  when  it  i«  required  to  allocate  a  single  resource  to  activities  in  a  CPM- 
PERT  plan  of  a  project.  Suppose  that  the  earliest  start  and  latest  finish  times  of  the  activities  have 
been  determined  prior  to  the  allocation  of  resources.  Then,  ail  jolts  that  are  to  be  processed  on  a 
pi  rticuLi  ,  jsouree  arc  singled  out  and  one  must  determine  whether  all  the  jobs  may  be  completed  by 
using  only  one  resource.  In  this  problem,  some  jobs  may  be  technologically  ordered  and  there  are 
additional  constraints  that  some  jobs  must  be  processed  in  a  given  order  relative  to  each  other.  This 
additional  restriction  may  be  easily  accounted  for  in  the  algorithm  of  section  3  by  adding  a  check  of 
order  feasibility  at  step  3.  If  a«v  of  the  (>  ~  /;  -M )  possible  new  nodes  on  level  k  violate  the  order 
specified  then  all  this  level  of  nodes  may  be  eliminated.  All  the  information  related  to  the  order  con¬ 
straints  must  be  stored  for  the  computations,  however  this  can  be  easily  accomplished. 
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APPENDIX 

This  appendix  presents  a  FORTRAN  code  for  the  resolution  of  the  problem  discussed  in  section 
3  above,  that  is.  for  the  case  where  job  splitting  is  not  |»ermitted.  The  code  has  been  tested  on  a  CDC 
6400.  and  is  in  fact  the  subroutine  used  to  provide  the  timings  given  in  Table  1.  The  following  rema..:s 
may  he  made: 

1.  As  written,  the  largest  problem  that  can  Ik,-  solved  is  one  with  100  jobs.  For  larger  problems 
all  the  arrays  must  be  redimensioned  appropriately. 

2.  Parameters  are  passed  through  the  common  block.  On  entry  to  the  subroutine  the  common 
arrays  .4. 0.  and  U  should  contain  appropriate  values  (i.e..  .4(1)  holds  «» and  so  forth),  and  the  common 
variable  .V  should  hold  the  number  of  jobs  to  be  considered.  On  exit  from  the  subroutine  the  common 
variable  Min  will  hold  the  minimum  possiole  completion  time  for  the  schedule,  and  the  :ommon  array 
Job  will  hold  the  required  order  of  the  jobs  (i.e..  Job(li~6  means  that  job  6  must  be  scheduled  first, 
and  so  uni.  If  the  schedule  is  infeasible.  Min  will  hold  —  I  on  exit,  and  in  this  case  the  values  in  Jo), 
are  undefined. 

3.  The  subroutine  cxp-cts  nonnogative  values  in  .4.  H.  U,  and  V.  but  does  not  check  dun  the 
values  provided  are  acceptable.  The  values  in  H  may  he  changed  by  the  subroutine,  and  should  therefore 
l>e  saved  prior  to  the  call  if  they  are  important. 
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SUBROUTINE  SOLVE 


Subroutine  Solve 

Common  Ail00),B<100)iX100).N,Mm.J.1b(100) 

Dimension  IntlOO^NoHlsbltOOiJobiabtlOO) 

Integei  AJD.Tot 

Logical  ln,Newfrz 

Min  -- 1  js<  =  -  j 

l4rr=Toi=-0 

Now  =  A(l) 

Do  !  1=1.%' 

If  (D(I).GT.B{i!-A(I))  Return 
If  (A(J).l.T.Now]  Now®  A(I) 

If  (B<l).CT,Ijst}  Last  =  B(f  t 
In(!)  =  . False. 

1  Tot  =Tot  +  DO) 

If  (Now-r-Tot.GT.Last)  Return 

L=I 

Now = Now— 1 
Co  To  2 

3  Newfrz  =  .True. 

Do4J=I.N 
If  tint!))  Ci- To  4 
If  (Now  -r  DULCT.BUii  Co  To  16 
If  lNow.GT.AU))  \’ewfrz=.  False. 

A  Continue 

If  (N’ew'nt)  Lfrz=  L 
L  ~  I.  -r  1 

Tot“Tot-Dti> 

2  1  =  1 

II  If  ;IMI))  G,.  To  5 

Ncwnow  =  SiasSrMowJid )) 

If  (ftewnow+Tot  .GT.  Last)  Co  To  S 

Jobtab(L)=:I 

If  (LEq.N)  Co  To 6 

Nowt*b(L)=Now 

Now  =  Newnow  +  D(I) 

Inti)  “.True. 

Co  To  3 

6  Min  =  Last  =  .\ewntn» -4-Ut!) 

Do  10  J=  IjN 

If  (BiJ)  .GE.  Mini  BUi-  Min—  J 
13  Joh(J)= Jobtabtl) 

If  (Newn0w.E4.Afl))  Return 
Now  =  A(I) 

7  L=L— l 

I=JobtabfL) 

If  (NowtabtL)— Ailj)  12J3.14 

12  If  (Now.G£.A(l)}  Return 
Go  to  2 

13  If  (Now.CE.A(I)>  Return 
Go  to  15 

14  If  (Now.CT.ACI)>  New => A(I) 

15  Indls*  False 
Tot  -  jU  t  Dili 
Co  To  7 

9  L  =  I — I 

IF  iLEq.I.froi  Return 
I— Jobtabcl.) 

8  Tot  -  Tot  -  D(I| 


Return  best  value  in  MIN.  best  order  in  JOB 


Initialize 


Cheek  feasibility  of  individual  constraints 


3:  Try  a  new  level 


If  any  of  the  rcmw-i.tj;  jobs  js  mfeasibie.  back  up. 
Check  for  the  possibility  of  splitting  the  problem. 


New  level  search  begins 


Can  we  do  job  t  n«t? 

If  so.  add  it  to  the  schedule 

If  the  schedule  is  complete,  go  to  6. 

Otherwise  mark  the  newly  added  job.  save  the 
rime,  and  go  to  3  to  try  the  next  level  ‘ 


6:  New  solution 


Aher  constraints  and  save  new  solution 


Work  back  dong  the  schedule  until  the  front  of  a 
btnefc 

If  this  last  Mock  ramus  be  improved,  the  schedule 
b  optimal 


Otherwise  try  to  improve  the  last  Mock  by  finding 
15  fiftl  rlcfnent 


9:  Back  ap  s  lewd 

If  tbe  problem  splits  „  this  leveL  there  is  no  need 
to  try  tfiBerom  permutations  of  earner  jobs. 


SCHEDULING  with  earliest  start 
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16  Now  =  N’owlalJLi 
ImIi  =  .False. 

S  1  =  1^1 

IflLU.N)GoTo  II 
To  9 
Euil 


Try  ne*t  ahernative  at  the  current  level  if  there  is 
one.  otherwise  hack  up  a  level 


LARGE  DEVIATION  PROBABILITIES  FOR  ORDER  STATISTICS 


Strjih«i  A.  H*n>k 

California  Stats  College.  Dominguez  Hills 
Dominguez  Htlh.  CaUfornia 

ABSTRACT 

fpjiri^ifjiaipife  arp  fimrnl  f«*r  fbr  large  <irviaiinii  |»ri*halflliiir^  that  ihr 
sa'lh  **r«!rr  pjutwJ*  5.  whpfp  5>r«.  Tf»*-  arr  Sw  rsj^>rd  in  lorno* 

*4  l hr  mipirirsi  (tUiriburiun  fumiion.  and  ihra  ifcf  |%0  iii-v»risti  of  Kabadur  and  Rangj 
B**  i*  apiditd.  The  fe>uit  i*  thrti  t<»  |«*  ro**rr  jifftW  titan  a  logarithms*-  Matrffirnl  in 

a  jajipr  *»f  Si«*tpr?  dra  *sg  viith  fin*  -Ti>in{*nnh  Trial!**-  efficiency  <4  the  *ant{>ir  median 
frset. 

1.  INTRODUCTION 

It  L'|.  Oz. ...  is  a  sequence  «f  independent  random  variables.  unif«irmly  distributed  mi  (in-  interval 
[0.  I],  with  order  statistics  0<a^  I .  for  each  positive  integer  n.  we  would  like  to  find  an  asymp* 

totie  representation  of  the  large  deviation  probabilities  P{Uiie*\i>8)  for  S>cr.  ( [y]  is  the  peatest 
integer  =Sy).  Our  result  extends  to  random  variables  A*.  .V_-. .  .  .  having  arbitrary  distribution  F  in 
view  of  the  fact  that  >  Si  -  PtFLXq^,  >  Fl&n—  PtL:,tm,i,  >  Fi&tu  To  determine  the  asymptotic 

formula,  we  write  the  large  deviation  probability  for  the  order  statistic-  in  terms  of  a  large  deviation 
probability  for  the  empirical  distribution  function  te.d.f.1.  and  we  then  apply  the  result  of  Bahadur  and 
Ranga  Rao  f  I  j.  It  will  then  remain  only  to  compute  the  values  of  the  components  of  the  Bahadur- 
Ranga  Rao  formula. 

2.  THE  THEOREM 

From  elementary  results  on  «ider  statistics  and  the  representation  of  the  e.d.f.  a*  a  binomial 
random  variable,  we  obtain  the  following  result: 

I  .EMMA  1:  lfO<e<S«1.  and  Fm  is  the  e.d.f.  of  the  random  variables  V  i  .Ft . then 

«t»  Pit',*  (^1  -PiF.X  I -«)-(! -fit  >e>. 

PROOF:  W  «*  set  m~  |n<  I  —  d-sel  j  to  simplify  the  notation.  The  result  in  [3]  and  changes  «f 
variable  show  that 

Pl.V,,  m,>f>)=y  (Jill  —  ’• 

On  the  other  hand,  demiting  the  indicator  function  of  a  set  ,4  by  It.  we  have  that 

13)  PtFs(l-5)-(l-a)>e)=P(f'siI-S>  >  I  I 

=  /'(V  >«(1  —  5-eel) 

*s 

=  V  *. 

*  tm  m  J 

Comparing  (2)  and  (3).  we  obtain  *lt. 
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Now  we  are  ready  to  apply  tilt*  theorem  of  Bahadur  and  Ranga  Ba*..  In  [  1  ],  the  two  authors  demon¬ 
strated.  for  x  -•  ll  and  €  >  0.  the  nhtrrar-  of  a  positive  number  pi  a.  e)  <  1  and  a  hounded  sequence 
of  numbers  h,ix.€).  such  that 

FiF*ix)  —  x  >«»  -  t2jrn|',sp”i.r.  €t 

where  the  syndnil  means  that  the  ratio  of  the  two  sides  tends  to  J  as#-*1.  Among  other  things, 
the  authors  also  gave  methods  for  explicitly  eomputing  pix.  €)  and  b.Kx,  € ).  Combining  l.einma  I 
with  the  theorem  of  Bahadur  and  Ranga  Kao.  we  get: 

COROLLARY  l:  If0<  «<  o-s  (.then 


6)  —  rJrr/t  I  “*  -/>" 1 1  —  b.  8  —  a)bH{  I  —  5.  ft  —  «) 


where  n  —  fol  i  —  a)]  =  no  if  no  is  an  integer,  and  n  —  [n(l  —  er)]  =  [««}  +  I  if  no  is  not  an  integer. 

it  remains  to  compute  explicitly  the  tiumhers  pi  I  —8.  6  —  a)  3nd  &*<  1  —  8.  5  —  «j.  which  we  shall 
abbreviate  os  p  and  ltm  fn»m  now  on. 

LEMMA  2: p=  (S/af  ({]  -S)/(  1  -a))1  «. 

PROOF:  />(F.(l-S)-(i-S)>3-o)  =  P(n  !^,sit>S-o).  where  iV=/tr^.-tj- (1 -§)- 
Bahadur  and  Ranga  Rao  showed  on  p.  1015  of  [1]  that  if  ip(t)  is  the  moment-generating  function 
of  F|.  then 

p  —  inf,,*  exp(—  (8— a)t)  «?(/)- 

Here  <g(t)  =  exp  (  —  (1—  8)f)  (e'(l--8)  +  8)  so  that  p=infoai  exp  (  —  (1—  a)f)  (e’d  — 6)-t-S)  = 
(6/a)"  ((1  —  8)/(l  —ft))* '".the  minimum  being  attained  at  /  =  !ng  (8(1  —  a»/a(l  —  8)). 

NOTE:  Carsrud.  in  [2].  has  determined  the  value  of  p  by  an  entirely  different  method,  due  to  Huber, 
involving  the  minirni/.ation  of  a  certain  convex  function. 

The  method  of  finding  6.  in  [1]  is  somewhat  more  complicated,  and  results  in  the  next  lemma: 
LEMMA 3: 6,=  { {1  -a)/n)< 1  (8/(8-a))  (a<J  -6)/8(l  -a) )— l-i. 

PROOF:  Aoeording  to  the  atgument  of  Ref.  [1]  tpp.  1022—4)  culminating  in  Equation  (46)  (on 
p.  1024).  b„  is  given  bv  the  formula 

,  rf  exp  {—  r</(na</**  —  [narf**])) 

1-t)  o»  . «  ...  . 

<r(  1  —•«'“) 


where  d  is  the  maximum  span  of  the  lattice  variable  L  and  a s  —  (<?"  (r)Jfir) )  —  (8— o|-  is  the  variance 
of  the  “associated”  distribution  inlrodm-fd  in  Ref.  [1]  (bottom  of  p.  1016).  Clearly  d—  1.  and  wc 
calculate  from  e(t)  and  r  =  log  (8(1  —  of)/o(1  —  8)1  that  trs  =  «{l—  a).  Inserting  these  values  for 
d.  7.  and  t t  into  (5).  we  obtain  the  desired  expression  for  8,. 

Having  found  formulas  for  the  quantities  that  appear  in  (inrollary  1.  we  are  now  ready  to  write 
down  the  asym|»totic  representation  of  the  largo  deviation  probabilities  for  order  statistirs: 


THEOREM:  If0<« 


I.  then 
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PROOF:  This  is  an  immediate  consequence  of  Corollary  i  and  lemmas  2  and  3. 

3.  APPLICATION  TO  THE  MEDIAN  TEST 

If  F  is  a  distribution  function  with  a  continuous  symmetric  density,  such  that  F'lOl  >U.  and 
A'i.  .V;.  .  .  .  is  a  sequence  of  observations  from  Fix  —  0).  then  the  median  test  can  be  used  to  test  the 
hypothesis  Ha'.Q—  Qg  against  the  alternative  // * : P  >  ff„.  After  transforming  to  the  uniform  distribution, 
we  reject  the  hypothesis  if  the  median  .!/«  *=  >  ft  for  some  ft  >  0„.  The  probability  PiM ,  >  o> 

under  the  hypothesis  is  the  significance  level  of  the  test,  and  as#-4*,  the  tests  based  on  the  statistics 
Ma  improve  in  the  sense  that  the  significance  levels  tend  to  0. 

The  Bahadur  "exact  slope"  measures  the  rate  of  convergence  to  0  of  the  significance  levels  of 
the  .ests.  The  exact  slope  here  is  2e(5).  where  c(3)  =  —  lim  n  '■  h»gPt.l/a  >  ft).  Two  tests  of  the  same 
hypothesis  may  be  compared  by  computing  the  ratio  of  their  exact  slopes,  which  is  called  the  Bahadur 
asymptotic  relative  efficiency. 

In  a  discussion  of  the  asymptotic  relative  efficiency  of  the  median  test  in  Ref.  {4|  ip.  19141,  Sievers 
shows  that 

(6)  limn  1  log /*{.!/•>  5)  =  |  log  (46(1 —5)). 

The  theorem  obtained  in  the  previous  section  yields  a  more  precise  measure  of  the  rate  of  convergence 
to  0  of  the  significance  levels  of  the  tests. 

As  a  particular  ease  of  the  theorem,  consider  the  large  deviation  probability  for  the  median.  Here 
»=l/2  and  we  a  cm  me.  as  is  customary  in  this  situation,  that  n  takes  only  mid  values.  Then  na  =  nt2 
is  not  an  Integer,  so  our  method  gives  the  large  deviation  probability  for  Lii  »;(.«»=  f  '«*.  1 1  ri  =  l/«.  which 
is  the  median.  We  have,  setting  a  —  1/2  in  the  theorem: 

COROLLARY  2:  For  <S  >  1/2  and  n  an  odd  integer. 

m  Pi\h  >  51  ~  (2mi)-»“(45(l-S))*=(5(l-fi))«(6-l/2>-'. 

The  assertion  of  this  corollary  provides  the  desired  asymptotic  measure  with  somewhat  nmn- 
precision  than  does  i'6l  Also.  Sievers*  result  follows  from  (7)  upon  taking  logarithms,  dividing  by  it. 
and  letting  n  — *  %, 
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A  BIVARIATE  NORMAL  THEORY  MAXIMUM-LIKELIHOOD 
TECHNIQUE  WHEN  CERTAIN  VARIANCES  ARE  KNOWN 


\fHHieif  O.  I 

Cn/Itsst  ./  4dtnimsi?ais**n 

I  sisrrsity 

ABSTRACT 

A  fprlifipiur  ?■*  «jr«Ti!*rtl  f««r  ibr  LKcfiat^  Si^ail 

*>f  tlr  i  ^ifn3ip>  **f  Its**  «*r  ? irblf«!  tails*®*  %*§we  ibt3  ate  I'nia 

MtiTi!  differ pb!  each  haxinz.  larkia  e.  Tfe*  |#r-4A*si  U  **«*3sf*araliie,  k  *bt- 

feitariaS**  s«i  r^iontini;  fhr  mesft  *4  a  s,*  ;;n.il  »«ib  laiiafifr,  Tne 

recall'  lm*f !**  !»’  «A^tmai«d  i«)  **f  di!a  «eb  fe**  -mail**-*! 

INTROillCmON 

For  heavily  instrumented  systems.  such  as  guided  missiles  ami  space  vehicles,  the  values  of  some 
«f  the  parameters  of  the  system  can  frequently  be  obtained  in  several  different  ways  because  of  both 
the  volume  ami  the  variety  of  measurements.  A  given  value,  for  example,  can  Ik-  obtained  either  from 
■we  or  m<»re  dire*-!  readings,  or  else  from  reconstructions  of  related  data.  I:  is  also  frequently  assumed 
that  the  em*r  tolerances,  such  as  the  normal-llteorv  3-sigma  errors,  ass**eiated  with  both  the  measure¬ 
ments  and  the  reconstructive  techniques  are  known  and  can  lie  specified  in  advance. 

A  case  in  point  Is  the  mass  of  a  staged  launch  vehicle.  The  mass  at  engine  ignition  and  also  at 
« utoff  can  he  estimated  using  both  sensor  and  probe  data,  egrh  with  a  siieeifsed  error  level.  In  addition, 
flow  meter  data  provides  tlic  difference  lietween  ignition  mass,  ami  cutoff  mass,  and  simulated  recon¬ 
struction  of  the  trajectory  combined  with  engine  thrust  data  provide  a  rati*,  of  ignition  to  cutoff  mass. 
This  example,  which  motivated  the-  study,  is  covered  in  more  detail  at  l!ir  end  of  the  paper.  The 
technique  described  herein  is  essentially  the  same  as  or.c  that  has  hern  used  for  this  type  of  mass 
estimation  for  certain  Ajudlo  ffijdits. 

The  purp«isc  o|  this  rejsort  is  to  deserihe  a  let  hnique  for  estimating  the  bivariate  normal  distribu¬ 
tion  of  two  correlated  but  unknown  values,  using  combined  data  from  different  kinds  «if  sources,  each 
having  known  error.  Some  of  these  sources  are  indcficndeni  measurements  of  either  value;  others  are 
reconstruction-  of  3  linear  fun«-tH*nal  relationship  l*ctwreii  the  two  values,  which  are  estimated  by 
using  independent  data  sources.  The  separate  measurements  of  the  predictor,  the  value  which  is 
measuted  with  smallest  err«tr.  are  designated  v  and  flic  true  value  is  ji:  the  v»*rrrs|*m>ding  designations 
for  the  predictor  are  i  and  1*.  respectively.  The  fuoriionai  relati««nshif'S  are  assumed  to  be  regresshms 
"v  —  tn  ft  —  Ik  These  can  all  he  different  regressions  liceause  they  are  based  upon  different  kinds  of 
supjtorting  physieai  theory  and  data. 

The  protdem  i>  ctunparalile.  in  the  bivariate  sense.  t*»  estimating  the  value  •*f  a  n«rn»al-t  henry 
measurement,  using  data  from  different  sources  each  having  known  error. 

A  maximum-!ike!ih«Ksd  i*easi  squarest  normal  theory  method  is  described  for  obtaining  the  esti- 
mates,  ft  ami  r.  and  their  hunt  bivariate  normal  distribution.  The  reeiproraSs  of  the  variances  which 
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d2t> 

ar«  i«*-fH»rtii»r,r.!  to  ihe  squares  of  ihe  tolerance  levels  for  the  measurement  systems  are  used  as  weights. 
The  assumption  is  made  that  all  systems  are  unbiased,  or  at  least  corrected  for  bias.  From  these  data 
on.*  ;.!"*  obtains  a  confidence  ellipse  for  ip.  r)  at  any  specified  confidence  level,  with  the  center  of 
she  ellipse  Ivsng  f  p.  £•}. 

Tf.e  shape  and  the  orientation  «f  the  likelihood  ellipsoid  depend  only  upon  the  variances  and  the 
slopes,  .v  .  of  tit-  regrersions.  and  not  upon  the  measurements  or  the  positioning  constants,  b.  The 
bnariete  normal  distrii, :•!.«:  !•«>  the  same  shape,  orientation,  and  position  as  that  of  the  likelihood 
function,  bat  differs  from  it  only  in  height.  As  a  result  the  estimates  are  influenced  most  by  the  data 
wi„.  i.O‘  smallest  emus-  as  m.gh,  be  expected.  Likewise,  if  the  error  specified  for  anv  of  the  regressions 
is  sniaii.  i*  esc  tesul  to  domis-jt?  th-  results. 


a 


DESf’KimW 

1"‘  J! . ,,:e  t  unbiased  independent  measurements  of  p.  with  corresponding  variances 

-  ..  <r$  Se.g,.  u.  is  one-third  the  maximum  obsolete  error  in  the  measurement  of  and  let 

,tl . >'  r<  ~  ••  unbiased  independent  measurements  of  v  with  variances  <rf  , .  .  .  ..  a%. 

Also  for/  =  n  -e  5 . a  *et  ft,  he  normally  distri!  Kited  with  mean  r  —  n.p  and  variance  <rf. 

Hie  corresponding  normal  :5uo-iy  pruhabiihy  functions  are  respectively: 


fix, i «  ;2»! 


If /sf 


exp  -1{  ix,  -  fxi  IT  i'.  j=  1, 


/(>.!  =  <2- )  •' -(tr,)  !  exp  — lit  \j  -  r)/<Tj  J-.  j=k~  1 . n 

f{bj\it.»)  -  i 2~t )  ,:>c:  *  exp  -»{{&,-  i  -  mj-Mtr,}:.  j=n+  I . p. 


The  joint  prefcaidli:*  or  likelihood  of  ail  measurements  and  calcnlalions  is 


ill 

m 


\\f  ^  fi  /*>•>  |  j  fibpp.  r) 

~  f*"1  **"  |  tf,)  exp— I  6'(g.r). 

9  5 

6'i>.  Fi  -  An1  Kg-Cr-i-  0,i  -  Ev  -r  F : 

1  T  !  ?Vr;  -s  ^  wf/o-J 

II :=  —  2  txjtr- 

J*  **  I 

r=  f  1  At  J 

j-T.i 

O  —  2  ^  *e  2^  mjhjtTz 

i  t  ,  V*  , 

F  =  -2  v  ”2<r;  -  2  f  A  Vr; 

/-£■!  *“l 


BIVARIATE  NORMAL  DISTRIBUTION  -O- 

It  can  be  shown.  that  C  Is  an  ellipsoid  since  4.4C-B-  >0;  therefore  J  is  also  an  ellipsoid. 

The  maximum-likelihood  estimate  lm.Le.».  (u.  r).  of  the  point  (ft.  i  )  is  the  apex  of  /  obtained 

by  partially  differentiating  it.  first  with  respect  to  ft  and  then  for  e.  to  obtain  two  simultaneous  equations 
in  two  unknowns 

^77=-  (2Au  +  Ui’-t  [)}  / 12 

_r* 

~=~  ( Bf t  +  2Cf  -f  ci  y  2. 

Settins  both  equations  to  zero  and  solving,  the  nt.Le.  is  obtained 

-  _  2CD  —  BE 
M  B--44C 


This  estimate  is  unbiased  since 


likewise 


Therefore. 


-  2 AE-Bl) 

*  11- -UC  * 

Ei-D)  =  (Z4fi~Bt>) 
=  24 ft  +  Bf: 
£(-£)  =  (BfL~2Ct>i 
=  Bfi~2Ct. 
BA  )=#*:  (e)  =  e. 


In  the  sequel  the  point  iA-  f-J  which  is  the  summit  of  the  ellipsoid  L,  als„  taken  to  be  the  summit  of 
tfte  bivariate  normal  distribution  which  has  tlw  same  sha|*e  and  orientation  as  y.  bus  a  different  lieidiL 
Tl.e  variances  and  eovariance  of  these  estimates  are  obtained  as  follows.*  First  we  note  that  A. 
B.  and  C  are  independent  of  the  .lata  since  they  depend  only  upon  known  values  of  Wi  and  «r-\  hut  U 
and  E  are  random  functions.  From  (2i  we  have 


Yar  t/ii  =  4|y  l/cr|e  V  mjltr;)=44 

•  -  %  /  -  *  *  f  / 

Var  »Cl  =4  V  J/of  =  4C 


ti/.E't  =-4 


£  mjtr f )  =  2B. 


Hence  from  (3) 


Var  (Dl+B*  Var  (Et-4BCCM  tfi  F\ 

iB*-UCt~  - - 

1C 

4 AC-B? 


«-  <*mL  m%  m  Ouxbasa  Suo-  t  shrtsey.  Dr.  J, 

a  1,;. -  m  lm-  M.KQ  riwir  . .  m  hrfj^nr  nr  I- 

s*s*  eprt*  «l  !*r  i’lprs  Ita  Krrdrd  sf  -rr  ciariSt  si«. 


1  - - S’ .  fh.  ’ 

tj  s Hr-  ;.icsrPU1> 


R  ’*■'  -  Srbrt  t.orj.ill 

•o  m  ifc»»  4mi  f«s 


Jl  O.  I.OCJB 


Var  «r»  -  -f~Var  l£i V-r  Cm  I D.  El 

IP-UC}-  ~ 


= _ H _ 

uc-ir- 

Cm  si  a>  Uff  i/),£)-2CVar  ilH-.Ut  Var  >A.» 

f«*  -  «C»*  ' 

2ff 

UC-Ii-' 

!l  if  pulitubriy  inifnfiina  I..  Mt  :fca  1  h,  .aria,,c«  u,H  thy  mramm*  ,ifp,„d  «|,  up<al  ,te 

'•  *nd  *■  "»■  *  «a UP™.  n.  d*> «n 

following  Hold  Hi  rt  can  wily  Ik*  s.-.-n  thai  the  angle  formed  !»;,  this  ellipsoid  is 


4=  *4  are-tan  f 


2  On  f  A.  pi 


i  sr  l/t  I  —  Var  ( l*>  / 


-  ) .  Ygr  <A>  *  Ya 


EXAMPLE 

At  the  time  of  ignition  «f  the  second  stage  <.S-U|  «f  a  Saturn -5  launch  vehicle  for  an  Apofln  space* 
craft,  .w  ^"  thirds  of  the  maw  „f  the  entire  vehicle.  including  the  se-imd  and  third  stages  and  the 
spacecraft  payload.  conskied  of  second-stage  prnpeflants  aW.e.  T,,  different  measuring  sy>,om, 
were  used  to  estimate  the  amount  of  second-stage  liquid  propellant:  «,%  level  censors  in  the  sides  «f 
t  e  tanks,  and  (fit  eapaeiianre  probes.  There  is  a  substantial  amount  .h  vwriabiBty  :n  these  raeasure- 
numts.  more,  for  cutup*.  tl.au  in  all  of  the  other  relevant  mass  data  (dry  weight  rf.be  vehicle  plus 
the  propellants  and  other  consumables  in  the  third  stage  and  paykadl  Tims.  ,!h-  errors  or  ftderanew 
awoeratetl  w,«h  the  measurement  of  the  mass  „f  ,he  vehicle  at  the  time  of  seeombstage  ignition  are 

for  a  i  practical  purposes  the  same  as  those  a«wiaied  with  the  measurement  of  ,he  secondare 
Squid  level 

At  tire  time  -d  cutoff  the  amount  of  residual  prepellanls  remlj  have  been  measured 

by  the  sensor  and  pmhe  systems,  as  at  ignition,  but  with  consi.lerably  less  vambiStv  in  the  readme 
hwause  the  tanks  were  nrariy  empty.  Therefore  in  analyzing  the  relationship  between  cutoff  maw 
*"  .gmtHm  mass.  tLe  former  is  use*  as  the  “predkior"  and  the  latter  as  the  -sredhiand  " 

Besides  the  se»«r  and  probe  readings,  other  kinds  of  data  are  available  with  respect  to  the  ret 
Ifonship  between  tin*  ignilitoi  and  rtijoff  masses.  These  are: 

i,!  ”°*rrttT  tL"”  !hr  brt«WB  i mass  and  em«ff  mass  is  the  integral  „f 

lb* 

«iii  Trajectory  reconstruction.  Radar  tretkmg  data  of  position.  aeeelereihw  and  veloeitv.  and 
engine  ihrws,  and  specific  impulse  data  are  used,  by  a  simulation  feefcniqur.  to  obtain  the 
most  jirohable  nmn  nt  the  ignition  mm s  to  the  cutoff  mass. 

l-ct  V  denote  the  ewoff  fevol-sensor  reading  and  she  cutoff  probe  reading.  Both  of  these  are 

assumed  to  be  ^dependent  unbbs.-d  estimates  «f  ,be  cm„ff  mass  M.  Simifariv.  tbeisnitmn  point-sensor 

reading  tsy,  and  ,1m  p.-.t,.  rs:  ttrese  are  assumed  to  be  iodepmden,  unbiased  estimates  of  the  ignition 

mas,  f. om-spo«fa«  t«  ««re  mavimmn  I3rel  crews  of  these  values  are  the  standard  deviations  re, 

re,J.reet.aadff^_, 


b3U 
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Let  the  constant  b%  denote  the  total  (integral)  of  afl  propellant  flows  recorded  by  the  flowmeters. 
Then  it  is  easy  to  see  that  based  upon  these  data  we  have  the  function 

with  standard  deviation  <r„.  Note  that  the  slope,  an,  is  one  in  this  case,  Sanlarly.  corresponding  to 
the  trajectory  we  hare  another  function 


»'=»ClM+&4, 

with  corresponding  errors  a*,-  Since  reconstruction  gives  the  ratio  of  the  two  masses,  b,  is  aero.* 
The  fiyp&hetkai  data  are  as  follows; 


*sz  IgaiUng  _ , 

*:•  Ipiilicc 

>*•:  Culs-tf  _ „tj _ 

>'r:  Catpff  prc^.... _ 

tfefg 

FiwsH?r„  _ _ _ _ _ _ 

jfecflftitiaEiiae _ z__  _ _ 


Pmssdi 

Sow 

— .  tarnsm 

4KB 

-  1372500 

soon 

.  163200 

1300 

—  460.100 

2000 

S^$VUm  SlQpC 

[nitrccpe 

W»  i.OO  90730 

1100  255  aso 


Based  upon  these  data  the  foBowxng  resu!;*  were  obtained: 


M  =  |  570: 

^=«63;  <r;  =780 


The  angle  of  the  confidence  e&pse  connecting  p  and  r  is  U.06  degree*.  Figure  1  shows  the  CRT 
output  of  a  do  confidence  ellipse  produced  by  the  computer  pr.*ram  for  these  dua.  !t  should  he  noted 

that  because  of  the  datively  small  vahe  for  trfr.  the  reconstruct  ion  data  tend  to  dominate  the  rcsufcs 
of  all  calrulsik-ns. 
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ON  THE  USE  OF  STANDARD  TABLES  TO  OBTAIN  DODOE-ROMH;  LTPD 

SAMPLING  INSPECTION  PLANS 


William  (I,  CncMilicr 
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AltSTHACT 

I’rnrcilurr*  arc  ih'srrihcil  which  yield  single  and  double  *uni|il<-  Diulgi-lbiinlg  [I]  lot 
tolerance  (icrcciil  defective  tl.TI*l)l  reetilyint:  inspection  plans.  Km  the  delerniinalion  ol  «neh 
lilans  only  a  desk  calculator  and  standurd  laities  of  the  discrete  proliuhility  distrihutioiis  are 
required.  Some  advantage*  gained  by  Using  these  procedure*  rather  than  the  Dodgc-lbmiig 
table  inelude:  (a)  The  (ion*urner'»  Ki*k  i*  not  limited  to  0.  It),  tbl  More  choice*  of  I, TIM)  are 
available.  (e|  Smaller  uveruge  total  inspection  is  achieved  by  using  a  plan  designed  for 
specific  "process  average”  and  lot  *i/e  rather  than  a  compromise  plan  designed  to  cover 
.  interval*  on  these  two  parameter*. 

I.  INTRODUCTION 

A  product  that  it*  mass  produced  is  assembled  at  random  into  lots  of  size  V.  From  each  lot  items 
are  sumpled  at  random  and  the  number  of  defectives  is  observed.  If  the  lot  is  accepted  all  defective 
items  found  when  sampling;  arc  replaced  by  nondefectives.  If  the  lot  is  rejected  all  .V  items  arc  examined 
and  all  defective  items  in  the  lot  are  replaced.  The  procedure  just  described  is  the  special  ease  of 
rectifying  inspection  which  we  are  about  to  consider.  Our  goal  is  to  determine  reasonable  sampling 
plans  for  the  type  of  situation  just  described. 

Let  us  assume  that  the  process  produces  a  defective  with  probability  /).  Kuch  inspected  lot  will 
contain  an  unknown  number  of  defectives,  say  /..  Let  V  be  the  number  of  defectives  in  a  random  sample 
of  size  n  drawn  from  a  lot.  It  is  well  known  that  the  probability  function  of  )'  given  /.•  is  the  hypergeometric 


(1.1) 


HP"*) 

...  is  VvA  n  —  v  /  _  , 

/•(/V.  n.  k.  y)  —  -* — -7-^7— 1 — .  </  .v  £  b. 

\n  ) 


where  a  ~  max  [0,  n  —  (,V  —  A)],  b  —  min  [k.  «].  and  the  unconditional  probability  function  of  Y 
is  the  binomial 


(1.2)  My:  n.  />)  —  />"(!  —  />)"".  v=  0.  I.  2 . «. 

For  both  single  and  double  sampling  we  will  minimize  the  average  total  inspection  if  /)  =  />.  the 
“process  average.”  subject  to  the  condition  that  the  operating  characteristic  (00)  of  the  sampling  plan 
be  no  more  the  fi  1  if  the  lot  contains  k\  *  V/>  1  defectives.  (In  the  language  of  Dodge-Romig  1 1 1  /» 1  “=  pi 
—  LTl*l),  (i\  —  The  Consumer’s  Risk.) 
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Binomial  cumulative  sums  will  he  denoted  by 

(1.3)  E{r.  n,  pi  —  ^  b(y.  a,  p). 

f>r 

For  our  purposes  we  find  that  three  tables  are  useful.  The  Ordnance  Corps  [7J  table  gives  (1,3)  to  seven 
decimal  places  for  n  ~  1(1)150,  p  —  0.01(0.01)0.50.  The  Harvard  |4j  tahfs  gives  (1.3)  to  five  decimal 
places  for  n  =  1(1)50(2)  100|10)200(20)500(50jlO(K).  0.01  (0.01)0.50  (plus  a  few  rational  frac¬ 

tious).  The  Welntrauh  [8J  table  gives  the  same  sum  to  10  decimal  places  for  u  =  1  (1)100,  p  -  0.0001. 
0.0001  (0.0001)0.001  (0.001)0.10. 

In  the  hypergeoirietric  ease  we  will  use  the  tables  of  Ueberman  and  Owen  [5j  which  |dves  both 
(1.1)  and 

(1.4)  P(jV,  n,  A,  r)  V  p(N.  n,  k.  y). 

to  six  decimal  places  for  A’  =1(1) 50 (10)1 00.  In  addition  two  approximations  to  (1.4)  will  be  used. 
These  are 

(ls5l 

if  njN S  0.10,  A  3*  ;t,  and 

(1.6)  P(N,  n.  A,  r)al-£|r+ 1:  A,  jj). 

if  AAV *3  0.10,  k  <  n.  Even  when  neither  condition,  njN  g  0.10  and  kjN  g  0.10.  is  satisfied  the  approxi¬ 
mation  is  usually  surprisingly  good  if  we  use  (1.5)  when  A*  5s  n  and  (1.6)  when  k<  n  (as  suggested  by 
Lieberman  and  Owen).  The  examples  considered  later  in  the  paper  suggest  that  the  accuracy  obtained 
using  the  binomial  approximation  is  sufficient  for  practical  purposes. 

If  sample  sires  are  larger  than  150,  it  is  usually  convenient  to  use  the  Poisson  approximation  to 
the  binomial.  Two  good  tables,  which  together  contain  about  all  the  probabilities  that  would  ever  he 
needed,  are  the  ones  prepared  by  General  Electric  [2]  and  Molina  (6J. 

If  more  accuracy  is  desired  than  can  be  obtained  from  the  approximations  (which  is  unlikely  in 
most  applications),  then  a  high  speed  computer  can  he  used  to  obtain  a  solution  by  following  the  same 
procedure  demonstrated  in  the  examples. 


P(N,  n.  A.  r)  m\  —  E 


(r  :  1; 


2.  THE  SINGLE  SAMPLE  CASE 


A  sample  of  size  n  is  selected  at  random  from  a  hit  of  size  N.  Let  .V  Im  the  number  of  defectives  in 
the  sample.  If  x  S  c  defective  items  are  found  in  the  sample,  these  items  are  replaced  by  nondefectives 
and  the  lot  is  accepted  without  further  inspection.  If  x  >  c  the  lot  is  totally  inspected  and  all  defective 
items  in  the  lot  are  replaced  by  nondefectives.  If  the  lot  contains  A  defectives,  then  the  operating  char¬ 
acteristic  is 


(2.1) 


OC=PiN,  n.  A.  c). 
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WIrmi  k=  kt—ypt  we  wish  In  accept  Ihe  lot  with  probability  at  mu-t  (it  so  fliuf  n  and  r  must  satisfy 
the  inequality 

(2.2)  P(X.  n.  hi,  c)  g  fix 

Fur  a  lut  containing  k  items  the  expected  number  of  items  inspected  is 


(2.3)  (iV-njn  —PIN.  n,  k,  el] 

However,  if  the  process  average  is  /#.  then  k  is  an  assumed  value  of  a  random  variable  and  the  number 
of  defective  items  in  a  -ample  of  site  n  has  an  unconditional  hliiumia!  distrilmtion  with  puramtfers  n 
and  p,  Iti  other  words  Js  is  a  conditional  exportation,  the  unconditional  expected  value  being 

(2.4)  Is ~ n  4-  (iV— n)Eic-r  1;  n.p) 


Dodge  and  Romig  f  1]  have  minimized  (2.4)  at  p— ft  subject  to  i2,2|  with  /),  =0.10  and  have  tabulated  a 
number  of  such  sampling  plaits.  The  minimum  value  of  /.  will  lie  denoted  by  Is- 

Using  the  standard  tables  mentioned  in  section  I  the  minimization  can  be  accomplished  by  trial 
starting  with  c=0.  and  increasing  c  one  unit  at  a  time.  For  each  r  the  minimum  n  satisfying  (2.2)  is 
found  and  Is  is  computed.  Calculations  cease  when  the  minimum  is  observed.  W‘e  will  demonstrate 
by  examples. 

EXAMPLE  2.1:  If  .Y=50.  A  ;  —  12,  f3,=Ct.20  find  the  plan  which  minimizes  U  when  p=tp— 0.06. 
Find  the  OC  if  A  =  ;V/i=3. 

SOLUTION:  Condition  (2.2)  becomes  /'(SO.  n.  12.  c)  S  0.20.  With  the  l.ielicrman  and  Owen  {51 
table  we  verify  that  If  c~  0.  n  36.  if  c=i.ni  16.  if  e=3.  n  320,  etc.  Obviously  we  choose  the  mini¬ 
mum  «  in  each  interval.  Using  the  Ordnance  Corps  |7|  (or  Harvard  {4{l  and  the  Licbennan.and  Owen 
tables,  we  find: 


if  c— 0  and  n  =■  6.  h  «=  6+ 44£(  1 :  6. 0.06)  =  6 -r  44(0.310130)^  19.65: 
ifc=l  and  n=  ll./v=ll-t-39E(2:  11.0.05)  =  11  +39(0  138216}=  16.39: 
if  r=2  and  «=  16.  /,=  16-1-34E(3:  16.0.06)=  16 -r  34(0.067280)  =  18.29. 


Further  calculations  are  obviously  unnecessary  am!  the  plan  which  minimizes  Is  is  «—  11,  c=l.  with 

l<=  16.39. 

1  he  OC  at  l=3  hOC=Pm.  11,3.  1)  =  0.882143. 

EXAMPLE  2.2:  If  Af=  1000,  =  100(|»i=O.JQ).  /i;  =  0.1fs  find  the  plan  which  minimizes  tile 

average  amount  of  inspection  if  P = 0.02.  Find  the  OC  when  k—k—Nft. 

SOLUTION:  With  N—  1 .000.  we  are  out  of  the  range  of  the  Lieberman-Owen  hypergeometric 
table,  and  we  use  the  approximation 

OCW't  1000.  n,  100,  c)  a  l~E(e+  h  n.  0.10) 

(with  n  >  KM)  approximation  (1.6)  is  -lightly  better)  so  that  t2.2.t  becomes 

£(c+  I:  n.  0.10)  3  0 ,90 

With  the  Ordnance  Corps  {7{  table,  we  verify  that  if  e=0.  n  S  22.  if  c—  I.nl  38.  if  c=2.  n  3  52.  if 
c=3,  n  365.  if  c=4.  n  3  78,  if  e=5.  n  £  91.  if  c=6.  n  5  104.  If  c  =  7.  n|]  16.  etc.  We  get  with 
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c=0,  «=20 
c-1,  n= 38 
c=2,  n=52 
c  =  3,  n  =  65 
c=4,  n  =  78 
c=5,  n=9l 


/.%•— 20-  980£(1;  20. 0.02)  =20  +  980(0.33239)  =345,7 
Is  ==  38 + 962E (2;  38,  0.02)  =38+  962(0.17603)  =207.3 
/,=52  +  948£(3;  52.  0,02)  ~  52+ 948  (0.08593)  =  133.5 
/,=65+  935E(4:  65, 0.02)  =  65  +  935(0.01] 38)  =  103.7 
/,= 78 +922E(5:  78.  0.02) =78+922(0.02028)  =$6.7 
Is = 91  +  9Q9£<6;  91 . 0.02)  =  91  +  909(0.01006)  ---■  100.9 


Obviously  further  calculations  are  unnecessary  and  the  desired  plan  is  n  =  78  and  c=4. 

Dodge  and  Romig  [1J  give  n  =  65.  c—  3.  but  their  plan  is  designed  to  cover  intervals  on  both  M 
and  ft. 

The  OC  at  k=k=  1000(0.02)  =  20  is  OC  »  1  -£( 5:  78. 0.02)  =  0.97972. 


Maid  [3]  has  derived  asymptotic  formulas  which,  together  with  some  auxiliary  tables,  can  lie  used 
to  obtain  tamplm”  plans  of  the  type  we  have  considered.  Considerable  edlctilatioh  seems  to  lie  re¬ 
quired.  Hi*  paper  has  one  numerical  example  which  we  will  how  wort Jor  comparison 'of- results. 

EXAMPLE  2.3:  If  iV=280.  pi  =0.10(A  |  =  28),/i,  =0.10.  find  the  plan  which  minimizes  the  average 
amount  df  irispecTion  if  p— 0.015. 

SOLUTION:  We  need 

OC=P(m.  n.  28.  e)  a  7-ffc+i:  28.  -^)  Sf  0:10 
or 

E{c+h  28.  ~j^G.9Q 
and 

/s=n+ {280— n)£(c+l:  n,  0.045). 

Without  interpolating  on  p  in  the  binomial  table  we  find  if 


c=0,  n/280  B0.08,  nB  26.  /,=  26+254(0.69794)  =203 
c=  1.  n/280  5  0.14.  a  fi  40./,=  40  +  240(0.54265)  =  170 
c=2,  n/28OB0.18,nB  51.  /,=  51  +229(0.40412 I  =  1 « 
c= 3.  n/280  S  0.23.  n  B  65./,=  65+215(0.33554)  =  137 
c=4.  n/280  is  0.27.  n  -•  76,/,=  76 +204(0.25699)  =  128 
c=5,  Ji/280ao,3I,ftB  87./,=  87+193(0.197841=  125 
e=6.  n/2TOS035,  si  98./,=  98+182(0.1 5299)  =  1 26 
c=7.  n/280  B0,39,  nB  1IQ,  /,=  110+ 170(0.  1201)  =  132 

where  E{c-r  1;  n.  0.04o)  was  found  front  the  Wcintrauh  (8|  table  except  for  b  =110  for  which  the  Poisson 
approximation  was  used.  Recomputing  the  three  smallest  /,' s  using  linear  interpolation  in  the  binomial 
table  yields  with 


c=4.  n/280  B  0.2655.  n  B  /,= 75 -i  205(0.24845)  =  125.9 


SAMPLING  INSPECTION  PUNS 


c— 5,  fl/280  S  0,3065,  life 86,  4=86+ 194(0.19090)  =  123.0 
c=6,  n/m  fe  0.3460,  n  fe  97.  4=97+ 183(0.14740)  =  124.0 


The  plan  with  minimum  /.  Is  n= 86. 


__  _  ;S  with  4  —  123.0.  Hall)  gives  n  =  84.  c=5.  /. 

Consumer’s  Risk  is  slightly  larger  than  0.10  while 
Consumer's  Risk  slightly  less  than  0.10. 

The  average  outgoing  quality  For  the  single  <amj  1. 


119.6  but  his 
ours  (Within  the  limits  of  the  approximation)  has  the 


ic  cast*  is 


(2-5) 


AO'-J  —  1 1  —E{ c+  1:  n.  p) J 


Tlie  maximum  of  (2.m  taken  over/,  Is  called  the  average  outgoing  quality  limit  (AOQL).  Dodge  and 
Komtg  1,  pp.  3,  39]  dwcnbe  a  method  of  approximating.^/..  We  observe  that  AOQL  eat,  also  be 
found  by  tria,  using  Weintraub’s  l«j  table.  For  Example^  in  which  A=1000.  „  =  78.  e=2  we  find 


irp  0.045  AOQ  -  0.922 i  0.015 1  ( 0.72575 1  =  <  >.0301 1 

/>= 0.046  AOQ— 0.922 10.046)  (0.71065) =0.03014 

/>  =  0.017  AOQ-  0.922(0.047)  (0.69538)  =0.03013 


so  that  AOQL— 0.03(1.  The  Dodge-Romfe  solution  ah«  gvcs  ^001=0-030.  occurring  at  p =0.0167. 

3.  THE  DOUBI.E  SAMPLE  CASE 

-A  sample  of  size  n,  H  selected  at  random  from  a  fot  rf-size  N.  UtJT,  he  the  number  of  defective 

"J*  ”  ,1,,'S:'7I'V  l(Xl  SCt  dcr^veiter,s  are  found  in  the  sample,  these  items  are  replaced  fcv  mm* 
defects  and  the  lot  is  accepted  without  ranker  inspection.  If  c,  <3t,St%a  second  sample  ofske 

,s  selected  atnmdum  from  the  remaining  .Y-n,  itcmsand  A’-,  thenumber  of  defective  items  irTtheseo- 
un  samp  .  s  observed.  If  c,  <  vf  +  jr-  S  c3  the  lot  is  accepted  without  further  inspection,  but  all  de¬ 
tective  items  found  in  both  samples  are  replaced  by  good  ones.  If  either  *  >  *  or  c,  <Tl  £  c-'  and 

mht  is  Wla11:  im <*cc,e,J  «•*  3,1  dtfoctiro  items  in  the  l,,t  are  replaced  by  noudefectives. 
If  the  lot  contains  t:  defectives;  then  the  operating  characteristic  is 


(3.1) 


GC~H(ki  N.  Bf.  it*.  ct.  r-  l 


m,  CjJ  :  Tpl.V,  n,.  l\  c,  +y  )  P{,\—nu  n?.  k—  c,~i.  _ _ c,—i) 

/3f  " 

The  counterparts  of  (2.3,  and  i2.4)  are 

7o=n,  +n.  JI  -t%\\  n,.  *,  c,)I+  (iV-n,  -«,)[!  -//(/;  A.  n„  c„  c,)j 
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/o-fti  +  it;  £(</,;  n.,  p)  +  (A-n,—  «.)  Kip :  n:.  n;.  rff,  «JL) 
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where  ft  =  e,  + 1 .  ft  «=  c*  4- 1  and 

4-*-» 

13.41  A.’ (p;  ni,  Hj.  ft,  ft)  =  Euh:  ft,  p) -I-  5)  Wi  +  j:  Hi,  /*)  lii'ft — ft —  ]%  ph 

fA 

Now  we  wish  in  minimize  /»  with  />  —  ; J  subject  to  the  condition  that  the  OC  at  k—k\  lie  no  greater 
than  ft.  Tltat  is.  we  require 

<3.5 1  //till  1%'.  «! .  fc.  C| « f;}  =  ft. 

The  minimum  value  of  i3.3l  at  p  —  ft  will  be  denoted  by  Jo,  lfj¥  >50so  that  It  Is  not  practical  to  use  the 
table  of  Liencrman  and  Owen  J5j.  then  we  will  use  binomial  approximations  for  hynergeometric  sums, 
jwwer  Instead  of  OC,  and  condition  *3.5)  fe  replaced  by 

0.6)  E{pt~  n,.  Tit.  ft-  ft)  S  1 — ft. 


where  pt—l'tiN, 


First  We  make  soinegeneral  observations. 

1*  For  javen  n,,  c,,  r-  we  select  ns  as  small  as  possible  so  m  to  satisfy  0JS%  Denote  this  choke 
of  ih  by  Although  it  is  intuitively  obvious  that  larger  ri-  just  make  In  Iargpr.  this  Is  true  because 
K(,pf  hi,  «s,  </;-  ft)  <  £{ft:.n,,  p)  a  result  which  follows  from  I3.4|  and  the  fact  that  E(d*  —  r/i  —ji 
n2.  pi  S  1. 

2.  Because  of  the  fact-  tf  tat  OC  =3  ft  when  k  ~  k,  It  Is  necessary  that 


(3.7t 


PlX.m.h.eOSpt. 


When  tltc  binomial  approximation  is  used  l3.7»  become 

*3.8| 

These  inequalities  provide  a  I  *wer  bound  on  itj  giving S  s>{.  Abo  if 


f  i  /#,-  n  ,|  .  l  S»  I  />, 

film  pig  ^  -  #■*!’ 


(3.9)  fb/::  fii.pi)  s  l  —ft. 

then  Kip, i  Hi.  ns,  ft.  ft)  6 1  —pi  fur  every  6  0.  Hence  if  »«  is  the  smilfat  n»  to  satisfy  (3.9).  then 
we  need  consider  only  =  ntr.  The  hypergeumetrie  condition  corresponding  to  (3.9)  is 


ft- 


iitisene  that  nu 
3.  Only  if  n,  < 


Is  the  single  sample  solution  satis 
/  do  we  need  to  consider  a  plan 


dying  s2dl«  witli  n  —  a,,- ,  — 

since  otherwise  4  >  /.  and  the  objertive  of  double 
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sampling  ilo  reduce  average  total  inspection)  would  be  defeated. 

4.  For  chosen  c„  ft  we  must  have  «,  +  ft  IS  a,..  To  see  this  assume  that  the  eonvase  » true,  that 
is,  there  exist  «i  +ft  <  n„ .  Tlicn  the  i«wer  at  k=h  is  made  &  1  ~_8,  by  taking  «,  observations  all 
of  the  i, me  and  ft  observations  part  of  the  time.  Tin-  ,H,wer  is  not  decreased  if  the  second  sample 
.Shaken  with  probability  1.  But  this  means  that  a  single  sample  plan  with  the  given  exists  with 
11  «H  11  -  Hu?,  contrary  to  the  definition  of 

5,  As  n,  increases  *.+ft  is  nomnereaslng  and  has  as  its  minimum  value  «„■  (attainable  when 
niv'  "■  m-  Tnis  BUm  n,a>*  !m>  <:‘iii<ideral,iv  greater  than  n„-  when  «,  =  ««,.  Bui  eels  close  to 

nlV  after  n,  has  been  increased  by  relatively  few  units.  This  is  explained  bv  ofaserving  that  when  n  ,« 

,,h  tt,,lch  fe  Rrc3tcr  ,,u,n  ,he  »***••'*  '■  b  ™*>  nearly  1  -ft  and  to  satisfv^.6)  the  terms 
irJl  'n  m"'!  Le  farsc  ,hal  «-  is  krw.  As  /„  increases  the  difierence  between  power 

an,  i  ••  P,  grows  at  a  relatively  rapid  pace  permitting E{,I.  -tl.-j:  «..  ,,,  and  «-  to  be  much 
smaller* 

In  a  numerical  problem  we  suggest  the  following  stejis: 

1.  Calculate  L  since,  as  we  have  already  mentioned.  It  is  not  necessary  to  consider  plans  for  which 
ht  >  /* 

-•  With  Cf=tj  determine  ru.  from  (3.7)  or  (3.8k 
la)  With  cj~  l 

{IJTirtd  n ir  from  (3.9) .or  I3.10JL 

U>  srial  losing  the  fact  that  n,  1-ifciMuj  find  tire  minimum  value  of  Hj.  say  it. ,  which 
satisfies  13.5)  or  p.6j.  * 

131  With  on..  «;*,  find 

fill  Repeat  (a)  with  ft>=2.  As  a  first  guess  Tor  the  new  increase  the  old  «*,.  by  the  same 
amount  n, ,  has increased. 

let  Repeat  (a)  with  c-=3. 
etc. 

Terminate  wnen  if  is  obvious  that  In  must  increase  with  further  increase  in  -v 

3.  Repeat  Step  2  with  «...  replaced  by  «<<L+ 1.  Then  rep.ni  Step  2  with  «...  replaced  by  «,..^2.etc.. 

terminaung  when  !t  is  obvious  that  a  minimum  has  been  found  for  cadi  c-  for  which  it  has  ton  necessarv 
Uf  cwiiNler  C| = 0* 

,  *•  ******  S,e|>s  2  3  wi,h  >:C“2.  lit™  c=3.  etc.,  terminating  when  values  of  foget  too 

large.  I  life  happens  at  worst  when  «•  > 

5.  By  cihservalkifi  select  In. 

Although  the  procedure  outlined  in  the  previous  paragraph  may  require.:,  mm.to  .Jcdcttlations. 

;!  p">  ra,hcr  using  a  desk  calculator  whfch  has  cumulathe  muhipBcalisn.  When  using  the 

..ypergeontetrit  »«l«es  it  is  probably  advisable  to  copy  down  all  figures  before  p.ing  to  the  calculator 
diecausc  of  the  format  of  the  table).  In  the  MoonM  case  it  h  advisable  to  copy  down  p) 

!!,C  "  '  P)  ,,OWCVCf- !he  EUk-,I.~k  may  h.;  transferred  direct!*  ft„„,  binwiia] 

tahle  to  the  calculator  and  need  not  be  copied.  The  major  advantage  of  proceeding  as  suggested  in  the 
prevwus  paragraph  Is  that  in  the  calculation  of  power  or  Wall  previous  hys+jz  „t,P)  „T V. 

Cs  .  ji  are  used  plus  «w  more  as  ds  or  ft  is  increased  by  a  unit.  We  now  consider  nramiito 


^  ^  ^  ^  *’*  0.20.  find  the  doulde  sampling  plan  which  mil 

/«  when  p— |j=8.(ML  Find  the  OC  for  llie  required  plan  when  k=Nfi=  3, 

SOLUTION:  In  Kxamph-  2.1  we  already  found  that  7,-  16.39.  Also  we  had  lhal  if  c=0. 
if  c**l.  «S  11.  if  c=2.  »  16,  if  ,•  •• 3,  n  §20. 

We  Iwgin  hy  selecting c,= 0.  then  jmsgilde  values  for  c=  are  1. 2, 3,4. etc.,  and  the  OC  i> 
//(«•; 50, 0.es|=#P*:50,  A,  0)4- V  /»(50.  h.  ft  PCSO-i,,.  nt.  k-i .  c--il 

Condition  (3.7)  is  Pm,  m,  12.  Q)  a  0J0  which  requires  n,16 =  nlL. 

If  ft=l  conditio.,  (3.10)  Is  PlSO.  12.  I)  S0J0  »  air=H_  With  fl,=6.  A, =12  the 

// i  12: 50, 6. ■%.. 0. 1.-  PC50, 6. 12. 0)4-/, (50. 6, 12, 1) P{44, lj.0) 

- 0.173729  -  0.379010 /»(44. n.0, 

Byjrial  we  find.//!  12:  50. 6. 9. 0. 1)= 0.194350.  //(12;  50. 6. 8. 0. 1)^0203423  so  that  «,= 6, 
c«“0-  f;®'  1  is  a  jotssihle  |dait.  Ihen 

A*(.06:  6. 9.  !.  2i&£(2.-  6, 0.06)4-5(1;  6. 0.06)  f  (1:  9, 0.06) 

-  0.015924- (0.26121)  (0:427011= 0.15874 

and  when  /J=0.06 

/i,-6+9E{  I 6, 0.06) 4-35  A' (0.06: 6.97L2) 

=64-9(0.31013)  4-35(0.15874)= 14J5 

Next  we  take  e-=2  will,  -  -  •>,  „  Now  ,3.10)  is  P(50.  12,  21*0.20  and  if 

OC  with  Lt- 12  is 

//(12:  50. 6.  0, 2|-P(50.6. 12. 0)4-/,{5o.  6- 12, 1|  P(44,  n-.  H.d) 

*Fp(50. 6. 12. 2)  P(44,  fls.  10. 0) 

“ 0. 173729 4- 0.3790 16  P{44.  jfs,  11.  1) 

•t-  0.306581  P(44. 10.0) 

By  trial  we  find  (a  p«*d  first  guess  Is  »s=94-5=14)  //(I2:  50.6,  15, 0. 21=0.192763.  //,12: 
14. u,  21=0.200929  so  that  n,= 6,  *s  •  15,  c,=0,  e;=2  Is  a  possible  plan.  Then 

A'10.06:  6.  15. 1. 3)=£@;  6. 0.06)4-6(1:  6.  0.06)  El 2:15, 0.06) 

4-  6(2: 6, 0.08)  E{  1: 15. 0.06) 

=0.00376—  (0.26121 )  (0.22624 . 

4-  ( 0.012261  (0.60741 )  -  0.03909 

»nd  when  u— 0.06 


In— 64- 13  /.'.  I;  6. 0.06)4-29  A' (0.06;  6, 15,  jt.  2) 

=6+ 15(0^1013}  4-29(0.08909)  =  13.24 

We  next  take  r;=3  with  r,=(t. -  !>.  Now  fti4-„;  g  nir=s20  and  the  OC  with  £,=  12  Is 


HI  12:  50. 6. 0. 


pm.  6.  i 
pm.  6.  i 
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=0,173729+  (0.379046)  P( 44,  n-,  II,  2) 

+ 1 0306381 »  Pm,  ttt.  10, 1) 

+  (0,1167931  P( 44.  n;.  9. 0) 

By  trial  »e  find  (a  good  first  guess  Is  ***=15+4=19)  //( 12:  50,  6. 19.  0, 3) =0.199822. 
18.  0,  3)=D,210S83  so  that  .»i  =  6.  a*— 19,  c%  —  0,  e*= 3  is  a  possible  olan.  Then 

A' (0.06:  6. 19,  1.  4»=  6.0.06i-6ll;  6, 0.06)  £{3;  19.0.06) 

+6(2: 6, 0.06)  A(2: 19, 0.06) 

+6(3;  6,  0.06)  £(h  19, 0.06) 
=0.00018+  (0.26421)  c0. 10207) 

+  (0.04226)  10.31709) 

+  (0.00358)  (0.69138) =0.01302 


and  when  p = 0.06 


6.-6-'  19;  U.3 1CB1  »+25«  0.04302)  =  12.97. 


Similarly,  with  ft— 0,  &— 4,  *r=6,  we  find  n*=Il  and  /,-»=  13.76;  Er.aminalioti  of 
and  the  terms  of  Jn  indicate  ihal  there  is  no  point  in  continuing  the  calculations  with  «, 
We  next  repeat  all  the  above  Steps  whhcj = O.  n i = 7,  t hen  with  c,= O.  n i = 8T  etc. . 
until  it  is  obvious  that  a  minimum  has  been  found  for  each  value  of  e-  which  it  has  M+n  n 
consider.  With C|  =  0  we  get  the  following  in,.*.!  and/;,: 


(6.93.KS  |6l  1S».  1124  (6,19*12.9?  (&mUL76 

t7. 5J.  14.04  (7.  111.  12.46  (7.20;,  14.42 

3.  G.  Lx !<•  p ,91,  UM  3.  !*..  1LH  (8. 58%  LUO 


Now  we  repeat  all  the  steps  with  e,=  1.  This  time  es  can  take  on  values  2, 3, 4,  etc. 
Following  (n5.  n-)  and  /.- ; 


ft-f 

ts—4 

fliait* 
OS.®.  1&.M 

til.  I3«. 

02.  m.  MM 
03,0,133 

III.  MJ.  LL04 
02. 15).  14.71 
113, 13L  35.72 

It  b  not  necessary  to  consider  h^ber  values  of  e*  since  the  first  two  terms  of  /»  ae  at  b 
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//|3*  50, 7, 11,0, 2)— /*(30. 7, 3, 0j+/»(50, 7, 3,  J)  P{43.  II.  2. 1J 

+/*(5p,  7, 3, 2)  P(43. 13.  1.0) 
— 0.629643+ 0.322500 (0,939092 ) 

+  0.046071  <0,744]  86 1 


Recall  that  for  single iaiapllng  w®  liad  IK.  -  0.812143, 

EXAMPLE  3.2:  ir  A  =  |0t)».  -  lflDfc=<E10)»  J9f— 0.-I0  find  the  double  Sampling 

minimizes  the  average  amount  Inspection  of  /»  — 0.02.  Find  the  OC  when  };—  L—  ' 
SOLUTION:  In  Example  2.2  *e  alr«-ad>  found  that  7.  =  96. 7.  Also  we  had  that  If  c= 
if  c=  1,  «S38.  if  c=2,  m  S52,  if  e=3#  a«65.  if  c**4,  ns  78,  etc. 

^  e  w*^  ,i|n*1  ^Ic  calculations  and  results  for  ci=0  and  Ci=2,  demonstrating  the  pro 
c.=  I.  the  value  which  yield-  /  .  Niw  eg  can  be  2. 3, 4,  eta  Condition  i3.8;  b  E{2i i 
which  requires  that  n,  s  38. 

-  !“r  •It—-')  13.91  yields  w,f*==52  and  we  must  have  «.+«.  S52.  With  n,=Mi 


A  (0. 10;  38.  n-,  2. 3 1  -  E  J 3: 38. 0.  !U » t-  At  2: 38. 0. I  U}£'(  1 :  .e,.0.I(l 
=0.74633+0.I5837E‘(l:  n-,0.10;. 

By  trial  we  find 

K(0.i<fc 38,34,2,3 ) =0.90030.  AC(0.10;  38.33.2.3)  =0.89981 
so  that  n, = 34,  e,  =  I ,  eae |  b  •  rfan.  Then 


and  when  /;=<  >.  02 


K16M:  ^,34.2,3|=£f3:p,tt.©)+df2: 33.0.02)E(3 ;  34.0.021 
=0.04015+  (0.135S8*  (0.49686) =0.10766 


/«=38+34£(2: 38.0.10) + 9*.2K(0.Q2:  38.31.2.3) 


A(p-.38,n*,2 


SAMPLING  INSPECTION  PLANS 


and  when  5=  0.02 

!:.-M  -54/.- 2: 38.0.10)  + 90B£tQ.02: 3B.  51.2.4) 

-  38 +  SI .  U.  I 7603  I  +  908 1 0.06890 |  =  100.07. 

Wc  next  lake e,  = 4 wiih r,  =  !.«,=  38.  +  it;  S  78 and ihe power is 

Kip ;  38. », ,  2, 5)  =  £i5  *  38.  p)  +  5(2:  p)E{  5:  a,,  p) 

+  6(3: 38.  p«£*(  2:  /N.p) 

+  6(4:38.  p)E\\:ni,p) 

and 

£(0.10:38,  •,.2.51=0.32986+  (0.15©7)£(3:  a-.  0.10/ 

+  (0.211  17)£{2:h,.G.1Q) 

+  (0  .20530 )AU:  ft,.  O.IO) 

By  trial  we  find  Iwe  nd;di?  purs*  =  67 1 

K 10. 10: 38. 72. 2.  S  )  =  0,90037.  £{0.  ]Q: 38. 71 .2. 5 )  =  0.89999 
so  that  ft |  =38.  5,=  s2.  Ci  =  : .  4  i.  ,i  possible  plan.  Then 

K (0.02: 38. 72. 2. 5 » =*  0.00098 (0.13583)  (0.17481) 

+  (0.033271(0.42341 ) 

+  (0.00591)  (0.76651 )  =0.01333 

and  when  p «■ 0.02 

/a«=3S+  72(0.17603)  +890(0.01333) =93.14 
Similarly  with  r,--5.  fed- 

(O.I76QJI  +874  (0.02615)  =  76.35 

With  r,  =  6  we  get 

//.=38+l(B  (0.17603)  +859  (0.01533) =69.30 

Wiih  c.  =  7  we  gel 

7»=38+ 1 19  (0.17603) +  813  (0.00922) =66.72 

11  iib  r;sg  we  a*) 

133  (0.1 7603 1  ~Wi  { 0.00322 }  —  65.74 

It  appears  that  if  r.  is  tocreased  to  ¥  ibc  aows:  in  trie  second  term  «f  /  will 
same  as  the  decrease  of  the  third  ttfo*.  7  Jtus,  fur  I  he  moment  at  least,  further  calmliitio 
scent  unnecessary. 

Mext  we  repeal  afl  the  ahwe  steps  f«w  r,  =  I  with  a,  =  39.  shrn  «,  =  40.  etc.,  until  It 

Table  1.  (nt-  0,1  and  4  for  e,  =  I 
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»e  have  a  minimum  fur  each  c...  The  results  in  Table  I  are  obtained.  From  the  taUe  it  i*  iilserved  that 
/*»= 62. 43  t given  that  the  minimum  does  not  occur  with  c*  —  Q  or  c*  =  2)  and  the  derfred  plan  Is  a,  =  10, 
Hi  — 96.  >'  =!.<■-—  7.  We  note  that  h  is  unnecessary  to  consider  c,=3  tor  greater#  since  the  csnditloi* 
E 1 4:  Bi.O.IOl  S  0.90 requires  »>j|  g  6Sand  we  hare  already  found  a  nmn!»cr«>f  plans  trft!i/e<  ui. 

The  OC  at  p  —  0,02  tur  the  (dsn  which  minimizes  h,  has  value  0.996 19.  Recall  that  for  the  sindr 
janwt  |«ti  of  Example  23  w  had  0.97972. 

Dodge  and  Rome  nice  for  the  suhitkm  to  our  Problem  Si  =  28.  fl;=72.  c,  —  0.  cj~5  for  which 
/..  -  70.89.  £(0,10; 28.  72. 1.6)  =0.904. 

The  average  ompdiig  quality  for  the  double  sample  rase  can  be  written  In  raring*  Mas,  by; 
perhaps  the  one  most  convenient  f«r  n>e  with  fables  Is 


13.13 


A0Q~-Z  p\ I  —  E  ft/*:  n:.  p)l~|  1  — :  — ':-~i  pfl  —  K  (pi  n,.  a*.  a,.  tfclj 

*  •  i  -  *  /  *" 


Again  tlte  AUQL,  the  tnaxininm  taken  *wr  p,  can  be  f«Bsd  by  trial  using  the  Weintranb  181  laUe, 
For  tire  plan  found  in  Example  33  whicfi  had  />i= 62.43  we  get 

Ifp=0.046  AQQ*={ 0.TO6I  tO.OHi)  (0.99959 -4-  f0.3K41  t0.«6l  lG.76707}- 0.03490 

P=0.047  AOQ-mMb)  01047)  1 0.99953?  4-- 0.86  Ji  10,0471  (0.75139)=  SLOCKS 

p= 0.048  AOQ = sO.0961  (0.048)  (0.999 46?  4-  iO.861  >  (0.018)  ,0733383 =0.03182 

so  that  AOQL =0.035.  The  AOQL  f**r  the  corresj"  ►ruling  single  sample  case,  feand  at  the  end  of  Sect  inn 
2.  tss  0.030.  intuitively  we  might  expect  a  1 stgsrAGQL  far  a  plan  which  on  the  average  requires  less 
inspect  Ins. 
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A  MODI')  I,  roll  MAM’OWUK  I’ltOlHfCTlVITY 
DiiiuiNi;  organization  GROWTH# 


.1 1 ill II  li,  Hull 

f'/fnmWi'MM,  I  nr, 
,\Vii/mU  Unit'll,  (liili/niiilii 


\  ihiIIIii'IiiiiiIi'hI  iihmIi'I  j»  •Ii>vi>Ih|h,iI  I  lull  i’iimIiIc*  «n  uuiil/iilluu  iiml  iniiii|imu'i  plinmi’i* 

In  l|lllMltl(\  till1  llll'llll'll'lll'il”,  llhulu'il  III  l‘ll|l|l|  llllllllll|l<  ill  lllUlllll/lllillllxi  nil'll  ll»  I*  III'' 
ipii'iilly  liiiiiul  iii  ilii<  iii'iii*|iiti'i'  lmlii»lrv  •Imrilv  iilli'i  ilic  inuinl  iiI'ii  iiiiiim  rinilrui,li  I’m i' 

•lili  i iitlmi  I*  ^jimi  in  ilii'  i luii’  ri'i|iilri'il  in  iniln,  Itului'liiiuili',  mnl  IiiiiiIIIiiiI/i'  new  sinker* 
hIiIi  i lidi  |ii|k  iiihI  i In'  Bi'iii'i'iil  innunmi  u*|n'i'l«,  On fv  Iriilni'il.  weiker*  lire  ii**iiiiii<iI  In  lie 
IMiilllll'l  I  V(>,  II  |  Ilf  I  III  ill  III'  llllll'illlll’il  III  llilllll’il  Murker*  eU'eeiU  II  I'l’llll'lll  VII  llli',  I'lllll’il  I  III’ 

|nillilii|i  llin'»linlil,  i  ln>ii  i  lu>  iii'iliiiiiiimri’  id'  tin’  Ifiiiiii'il  sinker*  in  ili'Bniili"!  In  I  In*  intlnin 
i luii  limy  uic  iin  Imiyier  100  imri'niil  ellirieiit  mull  ilil»  rnlin  return*  In  11  viilm*  le*»  llnm  llu* 
lliri'olmlil,  Tim  mnili'l  la  aiillli'li'tilly  (ti’iii'riil  In  i'niia|ili'i'  mi  iii  till  nicy  iiiiiiiiiuhi'I1  plim  with 
unit i*  limn  nim  peak  nr  viilli’y,  Tim  ihihIi'I  miipiiia  mi'  I'nimiiniiii  n|'  mill  llnm  mnl  eim»l*l  nl' 
llit<  I'rni'llnii  nl'  i  lti<  (ni  nl  Inlmr  I'nmi'  wlileli  l»  pmiltieiive,  ilin  Tnii'ltmi  nl  llm  Mil  ill  Inlmi  mill* 

I'Hpi’inli’il  I’nr  iinnpiniliii'tlvi'  .'Din l,  llm  eifiHtiliOive  Inlmr  end*  I'm  pinihmllu'  ellnrl.  mnl  llm 
I'lllMIllflliVt'  Inlmi  i  n«|  III!  nil  I’Hnrl, 

I,  IINTHOIRICTION 

During  i he  |miMii|i  phase  of  u  proymtm  lur.  <>t|iiivat«Mil l> .  during  llu*  Inlllol  urnwtli  period  ol*  on 
nrnnnl/,ullmil  new  people  iiri*  usslmllnled  Into  llu*  program  li-iim,  These  people  brln«  ii  broad  variety 
ul'  skills.  experience.  pi liicfil lull  mnl  irnlnlnu  In  tlic  nrnanl/.allnu  mnl  lire  required  in  support  the  prnurmn 
in  various  1‘imiTlumil  areas  Midi  as  cnulucerinn.  loollnyt.  inminl'aeiurbm.  quality  control.  mnl  bristles, 
Ax  a  result.  iniiimil  question*  arise  ns  in  what  (lie  Imililnp  mnl  Imilililnwn  rule*  slmnlil  lie  I'nr  these 
types  u|'  workers.  wliol  llie  sire  nf  I  lie  liiiliol  Inlmr  I’nree  should  lip,  when  (lie  lilllliltip  slmnlil  enmmeiiee 
mnl  end.  mid  finally  when  llie  Imllddnwn  should  heyln  mid  end.  Typlenlly.  UHUHiffciucnl  Is  Interested 
In  whether  nr  nd  there  exists  mi  optimal  plan  I'nr  bulldlnu  mi  nriuinl/iillnn  mnl.  I'lirlherinnre.  wlmi  lire 
the  iihernnilve  erllerln  whleli  emi  he  used  In  dclerinhie  an  npllmnl  plan, 

The  major  dlllieully  In  Inrmuhiihin  erllerln  mid  determlnltqt  mi  npllmnl  Imililnp  plan  lies  In  delinlmi 
llie  vnrlnhles  whleli  need  In  he  ennshlered.  determlnlnn  hnw  In  mensure  them  In  n  prnellenl  wny,  mid 
dlseoverltm  wind  rehillmishlps.  1C  nny,  exlsl  helweeii  lliem.  These  lire  In  essence  three  huslc  steps  In 
developing  n  iiuilheniiilleiil  mnilel.  In  ninny  eases,  In  order  in  nhlaln  aeeepinnee  hy  manaixmnenl,  the 
model  must  he  enneeplunlly  simple.  Involve  varlahles  which  are  easily  understood  and  In  some  sense 
readily  mensurable,  and  yield  results  which  are  explainable  and  potentially  useful  for  planning  and 
I'nrcensliiiy  purposes,  We  shall  attempt  In  accomplish  these  objectives  In  llie  ensuing  development  »nd 
shall  show  how  with  a  rather  small  mid  simple  set  of  varlahles,  one  can  nhlaln  considerable  Inslnhl 
into  the  milure  nf  the  buildup  and  Imllddnwn  process. 


’IIiim'iI  imi  rest'iiri'li  isi'i*  ltd,  |0|iliy  fit.’  iiiillmr  mIiIIm  with  Nnrlli  AiimmIi'iiii  Hiirkwr'IMliupiuiUlini.  AhoIii'Iih,  ( inlll'iu tila. 
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II.  LEARNING  AND  WORKER  PRODUCTIVITY 

When  workers  are  assimilated  into  the  program  organization,  they  must  be  trained  and  indoc¬ 
trinated  int«*  the  company  way  of  doing  things.  This  requires,  among  other  things,  explanation  of 
company  policies  and  organization  structure,  the  products  to  be  developed  and  their  technical  speci¬ 
fications.  and.  perhaps,  training  in  the  use  of  special  tools  and  techniques  which  are  required  in  per¬ 
formance  of  the  individual's  work  assignment.  All  of  this  takes  time  and,  from  the.point  of  view  employee 
contribution,  can  be  regarded  as  a  “nonproductive"  period.  This  period  will  be  referred  to  as  the  learn¬ 
ing  time,  denoted  by  and  the  basic  assumption  of  the  model  is  that  all  personnel  are  “productive" 
after  they  have  been  on  the  program  for  L  time  units.  The  learning  time  corresponds  to  that  which 
Purkiss  [5.  p.  5]  refers  to  as  the  time  period  to  train  a  man.  It  is  not  unreasonable  to  expect  that  the 
value  of  /.  would  depend  upon  the  type  of  individual  hired,  such  as  technician,  engineer,  tool  and  die 
maker,  machinist,  clerk,  and  quality  control  inspector,  or  even  upon  the  number  of  years  of  experience 
both  within  and  outside  ttie  company  and  educational  degrees  obtained. 

Factors  affecting  the  learning  time  of  a  worker  can  be  expected  to  include  the  following: 

<11  The  time  spe»U  in  general  orientation  training  concerning  such  subjects  ns  organizational 
structure,  objectives  and  missions:  program  purpose  and  objectives:  philosophy  and  Inner  workings 
of  the  customer's  operating  and  support  environment:  general  systems  outline  (if  the  purpose  of  the 
organization  is  to  develop  and  design  some  type  of  system). 

(2)  The  time  spent  in  technical  orientation  training  concerning  the  technical  concept  of  the  system 
design  and  indoctrination  at  the  technical  level  of  the  major  and  minor  subsystems 

(3)  The  time  spent  in  the  interna!  company  training/rctraining.  skills  development  and  skills  certi¬ 
fication  programs.  Typical  examples  .are  as  follows: 

fa!  Engineering  training  to  accelerate  the  engineers’  integration  into  the  working  team  and 
to  broaden  their  comprehension  of  their  specific  task  assignments. 

(b)  .Manufacturing  skill  training  to  provide  personnel  capable  of  assuming  the  duties  of  an 
assembly  work  station  and  of  performing  the  tasks  of  the  station  in  accordance  with  program  require¬ 
ments. 

(c)  Quality  control  training  which  encompasses  all  techniques,  processes,  and  procedures 
utilized  during  design,  development,  manufacturing,  inspection,  handling,  and  packaging. 

fdi  Reliability  training  of  technicians  and  skilled  craftsmen  to  assure  that  their  skills  and 
knowledge  keep  up  with  the  advancing  technology  required  to  achieve  the  specified  system  reliability 
requirements. 

(c)  Training  in  the  pro|>er  and  safe  methods  of  packing,  shipping,  and  storing  of  the  items 
used  in  the  manufacture,  assembly,  r.nd  test  of  hardware  items. 

(f)  Supervisory  orientation  to  provide  new  and  experienced  supervisors  with  program  philos¬ 
ophy  and  review  of  responsibilities. 

(4)  The  time  spent  after  completion  of  all  general  and  specialized  orientation  training  until  the 
worker  is  given  a  specific  and  well  defined  task  assignment.  This  factor  is  quite  important  and  can 
usually  be  attributed  to  p*«»r  management  planning  and  supervisory  practices. 

Two  implications  of  this  baste  assumption  regarding  learning  time  are: 

(1)  It  implies  that  eac-h  individual  reaches  a  productive  level  after  spending  L  time  units  on  the 
program,  thus  Ignoring  the  fact  that  some  new  hires  never  become  productive: 
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(2)  It  ignores  the  fact  that  while  an  individual  is  being  trained  and  indoctrinated  he  can  make  a 
meaningful  contribution  to  the  program  and  thus,  in  a  sense,  be  productive  even  though  not  perhaps 
productive  at  the  level  for  which  he  was  hired. 

One  way  of  resolving  (I)  would  be  to  introduce  into  the  model  an  attrition  rate  for  each  type  of 
worker  hired  to  allow  for  recognition  by  company  management  that  the  individual  is  not  going  to  mature 
as  expected  and  thus  his  employment  is  terminated.  Consequently,  if  the  buildup  rate  is  U  workers  per 
unit  time  and  the  attrition  rate  (i.e.,  terminated  workers  per  unit  time)  is  A,  then  the  net  buildup  rate 
is  U-A  workers  per  unit  time;  lienee,  one  could  merely  use  U-A  instead  of  U  as  the  buildup  rate  input. 

The  assumption  of  zero  productivity  by  a  worker  during  the  first  L  time  units  of  his  employment 
can  he  described  graphically  by  the  step  function  in  Figure  1. 

One  may  argue  that  (2)  is  an  unrealistic  implication  of  the  basic  assumption  and  that  productivity 
is  perhaps  a  piecewise  linear  function  of  the  form  described  in  Figure  2.  If  this  is  the  true  situation, 
then  this  can  be  resolved  by  redefining  L  to  take  into  consideration  the  area  of  the  shaded  triangle 
which  the  assumption,  as  stated,  would  otherwise  ignore.  More  specifically,  if  the  line  segment  for  real 
time  between  O  and  L  has  slope  m.  then  we  must  have  L  =  1/m;  hence,  the  area  of  the  triangle  is  1/2 m. 
Therefore,  using  the  interpretation  of  learning  time  according  to  our  assumption,  we  choose  the  learning 
time  equal  to  !/2m  because  then  the  area  of  the  shaded  rectangle  in  FJpire  3  equals  the  area  of  the 
triangle  in  Figure  2.  In  this  way.  the  effect  is  approximately  the  same, 

III.  DEVELOPMENT  OF  THE  BUILDUP  AND  BUILDDOWN  PROCESS 

Consider  a  program  which  begins  at  time  0.  with  u(0)  workers  of  which  p(0)  are  initially  trained 
and  the  remainder  «i0}=n,(Q)~p(0)  are  nontrained.  At  time  t>  0.  let  witi  be  the  size  of  the  program 
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organization,  where  the  units  or  could  be  weeks,  months,  or  quarters.  At  time  r,  the  number  of  pro¬ 
ductive  workers  (Le„  those  who  have  completed  the  learning  process)  is  denoted  by  p(t)  and  the  number 
of  nonproductive  workers  is  denoted  by  nftf,  hence  we  obtain,  since  each  worker  is  defined  to  be  either 
productive  or  nonproductive. 

(1)  w(t)=n(t)+pU). 

Assuming  changes  at  discrete  times  only,®  if  wit)  >w(t— I),  then  the  organization  has  increased  at 
time  t  bv  an  amount  equal  to  U(t)  —  wit )  —  wit  —  1 );  on  the  other  hand,  if  wit)  <  u  (t—  1 ),  then  the 
organization  has  decreased  at  time  t  by  an  amount  equai  to  B(t)~w(t—  1)  In  general,  we  can 

define  the  increase  in  the  organization  at  time  t  3*  1  relative  to  time  t— 1  by 

(2)  U(t)  =  max  {0, wit)—  wit  —  1)} 
and  the  decrease  in  the  organization  at  time  t&l  relative  to  time  t—  1  by 

(3)  DU)  =  max  {0.  w  (t  —  1) 

Consequently,  we  observe  that 

(4)  »(/)  -w(t- 1)  +  DU)  +  UU). 

Suppose  that,  if  there  is  a  decrease  In  the  number  of  workers  at  time  t  relative  to  time  f  —  1,  the 
decrease  is  made  in  the  number  of  productive  workers  first,  that  »,  trained  workers  are  removed  first. 
The  reason  for  this  assumption  is  that  normally  the  organization  would  not  decrease  in  size  until  aD 
workers  were  trained  (hence,  everyone  would  be  productive)  and,  if  nontrained  workers  were  removed 
first,  then  some  type  of  seniority  rule  would  have  to  be  assumed  such  as  the  removal  of  the  most  re¬ 
cently  hired  workers,  then  the  next  most  recent,  etc.  This  assumption  thus  avoids  any  further  assump¬ 
tions  about  seniority  rules  and  simplifies  the  model,  Therefore,  if  t  <  /,.  where  I.  denotes  the  worker 
learning  time,  none  of  the  initial  nontrained  workers  are  yet  trained  and  so  the  number  of  productive 
workers  is  either  zero  or  equal  to 

ft 


where  [f]  denotes  the  largest  integer  not  exceeding  t:  if  then  all  the  initial  workers  wfo)  are 
now  productive,  together  with  those  hired  by  time  t—L,  (namely. 


and  so  the  number  of  productive  workers  in  this  case  is  either  zero  or  equal  to 


W{n\ 


+  V  {/(/)  — T  Blj), 

T't  “ 


'Since  organization  size  changes  typically  on  ,1  daily,  weekly.  «r  monthly  basis  and  sot  fmsimooosty  with  time. 
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Consequently,  we  have  for  /  3-  I 

/ 

mux  10.  plot 

pit)  =  ■( 

I  max  JO.  «Tol 
\ 

The  number  of  nonproductive  wnrken.  nlji.  is  then  determined  from  Equation  (] ). 

IV.  SPECIAL  CASE  OF  CONSTANT  BUILDUP  AND  BLHJJDOWN  RATES 

As  an  illustration  of  the  model  as  lorniuiated,  let  us  consider  the  siweial  case  in  which  Uit)  is  a 
positive  constant  whenever  it  is  not  zero  and.  similarly.  Dll)  is  a  positive  constant  whenever  it  is  not 
zero:  that  is.  we  are  considering  the  constant  buildup  rate  and  constant  huilddown  rate  situation. 
Let  ns  supjmse  that  the  organization  Details  at  time  7L  =  0  with  a  liasir  core.  «■{  o ) ,  of  workers  and  once 
the  planning  of  tasks  and  training  programs  are  defined,  say  at  time  T, .  the  buildup  is  begun  at  a  con¬ 
stant  rate  l .  Upon  reaching  the  peak  labor  force,  say  at  time  7#>.  the  organization  stays  at  this  size  until 
it  is  deemed  feasible  and  necessary  to  start  laying-off  workers,  say  at  time  To.  in  which  case  the  organiza¬ 
tion  builds  down  at  a  constant  rate  D  to  a  bask-  minimal  size  (this  occurs  at  time  Tt.  say)  sufficient  to 
carry  out  the  remaining  tasks  and  efforts  of  the  program,  and  then  continues  until  time  Tt.  at  which 
time  the  program  ends. 

In  this  special  case,  we  have  for  t  3=  1 


—  V  Dij) }  if  1  as  t<  I, 

tft 

*  V  / v  Dijn  if  i. as  /. 


(6) 


«•(/)- 


nit— 11  if  i  <Ti .  T i-  s  <T„  or  Tt  <  t 
tell  —  1 )  f  V  if  Tt  as  t  «■  Tp 
utt-U-D  if 


However,  since  workers  arc  only  added  to  the  program  at  the  discrete  times  T<.  Tt . . 77>,  the 

total  number  of  workers  hired  by  lime  t  where  Tt  ®jFp»  U[/  — F»+lJ.  since  workers  are  only 
removed  from  the  organization  at  times  F«.  T,>-r  I . Tt.,  the  total  number  of  workers  laid  off  by 

If  t  <  T* 
if  Tf,  ^  t  <  Tt 
fffc«.*<Fc 
Hn^i<Ti, 
if  To  «  kTs 

if  Ti.  t  - ■  7c. 

We  sltali.  for  convenience  tin  avoid  enunterating  a  myriad  of  cases)  assume  that 
*«»  /.  min  IF.-  /  .  F  To.  T  -  7',|. 

This  assumption  means  that  some  of  the  worker?  added  to  the  organization  during  the  buildup  process 
have  an  opportunity  to  complete  the  learning  phase  before  the  huilddown  beans  (t.e..  Fi  +  L  ^  7}.). 
the  last  group  of  V  workers  added  to  the  program  at  time  F?  can  complete  their  leanting  phase  before 


time  t  where  Tu  Tt.  is  D[t  —  T$i-r  I  ].  Therefore,  it  tallows  that 


(•'I 


wit)  — 


fo 

wiTs ) 

wlfvl-t- U[i-Tt  -4- 1 J 
tr(Ts)  +  U\Tp—  F/  -r  I  I 
H-lFvl-f  IHTt—  T,  d  11  ~D[t-T„*  11 
Ui Fs } -r f •{ t, ~ T:  t 1 1  -- //t r  r.-l! 
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the  buiWdowi,  i»  completed  !i.e..  77-  -f  7,  =£  77 ) ,  and  the  initial  number  of  nonproductive  workers, 
is  productive  by  the  time  the  peak  buildup  occurs (i.e.,77 4- L  «  TV). 

To  determine  the  number.  p(f),  of  productive  workers  at  timer,  we  observe  that  any  nonproductive 
worker  who  has  been  in  the  organization  at  least  L  time  units  is  productive.  This  means  that  aU  workers 
hired  at  Ts.  Ts+ 1,  ...  .,  [f  —  L]  are  productive  by  time  r  and  if  /  >  T-  4-  /,.  then  aO  workers  have 
completed  their  learning  phase  by  time  f.  Consequently,  it  is  a  straightforward  argument  to  show 
that  pit)  Is  given  as  follows: 


CASE:  Ts  +  L  <  77  and  7>-f L  ^  77, 


plTs) 

K{  Ts) 

alJs)tV\t-T, -/.-hi] 
w(TsHU(n-Tr+  1} 
wcni  -h  am  -n  +  D-  oy-n-h  i] 
wlTst-rUm-T,  +  1) -0(77  -  77,+  1) 


if  ?  <  n 

if  Ts*t<Ts+L 

if  Ts+L*t<Tr+L 
if  Tr+L*t<n+L 
if  77- /.  t  <  T, 

uTu*t<n 
if  TL  « r  s  Te. 


CASE :  Tk+L*  Tt  and  T:,<  Tp+L*tTt 


0 

pin) 

w(Ts) 

(10)  p(f»— 1  wiTs)  +  U[t—Tt — 7  + 1] 

win)-rUit-r,-L-i-i]-Dit-n-hi} 
wiTs)  +  0(77—  77  +  1 ) -0{f-77,+  l ] 
w(Ts)  +U(Tr-T,  + 1 )  -0(77.-77,+ 1) 


CASE:  Ts  <  Ts  +  /,  <  77-  and  77*+  Z.  €  77, 


(Ill 


0 

ptTsl 

*’,n  '  wiTsi-hum-n-hi) 

wlTy)  +  0(77—77  + 1  )  —  />[/  —  77,+  1  ] 
niTs)  +  Vi  TV-  77  -t- 1 )  -0(77  -  77,+  1 ) 


CASE:  Ts  <  Ts-rl .«s  77*  and  7p<  Tp-vL  =£  TV 


if  f<77 

irrv«/<Tv+t 
if  77  4-  £,  ■ s  r  <  Ti  +L 
HTr-hL^i<Tp 
if  77,<  r<  77*+/- 
if  red-  L^tcTs 
if  T,*t*Tc. 


if  i<n 

if  77  «  i<n  +  L 
if  Ts-hL-s  i  <Tp+L 
ifTp-hL^t<Tt, 
if  77*=sr<77 
ifn^t^n. 


0  iff  <77 

p(77)  H mTs*t<T>  +  L 

1,2,  ( mro+tffr-r,— l+ij  im+i«f<r« 

a-(77)  +  0]f  -77  -£+ 1] -0[f-  77,+ I]  if  77,  f  <7V  +£, 
wim  +  UiTr-T,  +  l)-0[f-77,  +  I]  if  TP+l^t<T. 

MTs)  +  0(77—77  *5- 1 )  -0(77.-77,+ 1)  if  77  « f  <  rc. 

Using  the  relationship  «(f )  —wit)  —pit),  one  can  easily  derive  n(f)  for  each  of  the  preceding  case*. 


MANPOWER  PRODUCTIVITY  MODEL 


•549 


V.  DETERMINATION  OF  THE  1.ABOR  i.MT  EXPENDITURE  FCNCTIONS 


If  there  arc  m  t)  workers  in  the  organization 
hours,  oraiiuay-,  ntafimonths.  etc.,  depending  on 
mimthsi  exp«*n*I«l  during  tin*  interiaJ  (,t.  t: 
expended  toy  time  t.  we  hart¬ 


al  time  jc.  then  mlxtdx  is  the  amount  of  effort  (man- 
i  whether  or  not  x  Is  expressed  in  h»»ors.  davs.  or 
hence.  letting  Hilt  denote  the  total  annum!  of  effort 


[0  lf/<  'A 

H  r.-<  fi 

i  *****  UTs*i*n. 

I 


where  /  \  —  the  start  lime*  f«*r  the  wganizatHNi.  Typically.  of  course,  one  wouhi  H  T%  =0.  hut  If  one  has 
a  mix  of  worker*  in  an  organization,  tlsen  tlie  addition  of  worker.-  of  different  types  might  la-gin  at 
different  times  and.  as  a  result,  we  allow'  f«sr  tin-  uencralizutiun  in  the  modei. 

Since  trl  \  )  Is  a  ste |i  fui:itH*;i  with  possible  jumj*?  only  at  discrete  lime  fHanis.  me  can  rewrite 
Equation  <  1 3 1  a* 


1 14) 


Hit) —  4 


&(]) 


<  n 


M’t  Ii  1 1  f  I 


[,*})  if  r. 


T* 

is. 


If  there  nr  »%x>  fumpredurtire  workers  at  time then  »(a>  itx  Is  the  amount  of  nemproductiw 
effort  expended  by  workers  pmnit  thru  the  learning  t>!taw  in  the  interval  ijt.  a-erfa).  Letthu;  H\.%itf 
denote  the  total  nonproductive  e®»rt  expended  lay  tHjnpnidurtivc  worker*  by  time  S.  we  have 


•  IS! 


fo  «i<r, 

f  nU )dx  i m  s i<  Tt. 

r*' 


>ince  sir}  is  a  -trp  function  with  (Kw-ildc  jump-  only  at  time  |«*sn!s  *»  the  form  j£,1.  j- f  I, 

j+  l+L—  (!.] . «  te..  where  j—  7-.  7\  *f  1. .  ..  we  can  rewrite  Eqaathm  f  IS*,  if  T% * t  =6  Tz.  as 


l!6)Wvvln»T  <«/.-[/.] 


1  —I.*-  [Lliafj+t,—  f/.J  >;■ 


'•••! i * ] 3 it  —  r/i -  it  :*■  •  f.-[L] 

fni  [I-  J  t  +  M-  f/J  —L  +  J/.j  !n([f]  4*  /.—  [/,  J I  If  Ul  +  L  —  [L)  «r<  [tj  -r  I. 


VI.  EFFICIENCY  OF  A  PRODL’CTiVE  WORKER 

Once  a  worker  I#  trained  ii,e.»  productive  in  the  sense  of  having  spent  at  least  l.  time  units  on 
tne  preprint?  it  ran  be  expected  lliai  In.*  will  have  some  in! reaction  with  those  workers  sit  the  same  type 
who  are  tail  yet  trained  and  may  even  jMsIkiiaif  tn  ttie  conduct  of  their  training.  K«r  this  reason  it 
seems  plausible  !«« intnrdme  a  degradation  factor,  or  what  »f  shall  rh>««*se  t«*  eaD  an  eflirienry  fader. 
I«  account  for  a  partial  loss  in  (ndurtirliy  of  the  trained  worker  w  hen  the  ratio  of  rma  trained  to  pr,o 


,hr" 5>»w eMwds a  I -.rumple. contra fuliv . . iueth 

U'  MT  Cf“r  h"!k,n-  Wi'h  3  ***» "f  ^rotherdeslp, enpra-ers.  If  M  fourofttose  engine 

r  -  ,h?  Ihis  ,ttrli<‘l!,ar  *«S*«  «** «-  ^  perfom,  at  lOQ-percent  efficient 

‘  UV%,  :-  “  -!l1  T "  •'*  ^  '"P"™*  ar‘*  "*«  ^  . . »•  «b™  «  ran  expert  the  trained  engineer  , 

“perau  at  3n  *'ttu  iei»rt'  K*vt*I  considerably  less  than  ICD  mmntt, 

Q-nscquenllv.  1.  .  „  arbitrarily  .oppose  «to«  for  a  pern  .toehold  a  trailed  the  buildup  thread, 

.n  f.-n,.ent=H,  -ype  u»rker.  a  pr.ulu.-the  *.,rker  to.  an  efficiency  factor.  e(r>  .ay.  equal  t„  1  I 

......  HlV 'M  ‘  ■Bl,4,r'  rt*'-  nr,,P*rtH.nal  i«.  the  fraction  of  workers  of  the  sun 

*?I*e  wtlii'il  are  itriMiiieiive  t*  s  t  \i- _ _  *  „ 

*  *•  »*<?>/»•» .  >  A.  More  precisely,  we  define 


inpilhuitl 


U  nittipU)  >  A. 


^  is  the  cH-tant  of  umponranaifty.  Be,™*-  of  ,be  d-to-  that  r|»)  to  a  fuw-,^. 

—*  -r  a.  Tin.  implies  that  a  =  A'  -*•  1  since  taking  the  limit  as  mUU 


I  —  ilin  €*f  / 1  —  liR|  tMfl&lfilnii  i4-Ii— _ 5*! _ 

.  _  I* 


Therefore.  the  efficiency  factor  is  defined  as 


ctn  =  J» 

IA-f  0/i{f}/fr(n 


if  minipin  k  a 
WaUtipiti  >  A. 


It  is  intern  fa,  ..toerve  that  if  Rtf )//;{/)  >  A.  then  <A'*  l)p(/)/ir(n  <  1.  Furttormore.  it  Is -to! 
shown  that  ei  r  J  has  the  form  described  in  Figure  4. 

-  *  w'mw!’  -  *  *• tw  —1*. «.  m.  « 

KlOdl  fimcti  ,  ,  .  ■  X,'™pmcd«i*«»i.l„,„ni,,,|*M|OTI1,Mea!> 

*  «»««». .nc  bn«  drfnin.  ^ 

in  1 7™*"  ■'?C,'™Cy  b™*  Cno^d  ■!«*»  nnd.  in  pnfli™U 

L  !!s  "  J""'  |3i  fc*»  W  nxnnricn.W.  «-«. 

H,*"!rrlT  ■>*<*-*-  "»  "*■  «n»  ww.  in  «*  ft. 

uni  SOnridn-  '  «*»««* nn.-«nni  «„rk„ fw nact ™i Lnndp. 

Uni  SnWrf„  rf,  „«»Hi„  >hn  ,««ta  whnrr  a  nnx  him  has  „  j„  fc  ,a  „„  ^ 
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rs  **  "  r-  ^  s‘!a^*  as *heir  rationale that  ? dkinn of  the new employee 

i»  based  «n  a  (famine  «we  aWJk  alH.n.  ilie  overall  time  span  is  divided  into  ipj.!**priate  jierinds  to 
mmmadaM-  his  iru-reasinp  t>r»,Imi?uty.”  None  «f  these  papers  .mushier  *(..  potential  effect  .«  the 
s  tiu  n  ncy  of  trained  w«A«s  due  to  the  addition  of  new  workers  to  the  ntmanaUtm.  and  in  Kef.  f4| 
*11  new  workers  an?  hired  Initially  rather  than  gradually  are.«n!in« !,.  -.on.:*  I.uiUup 
In  2*iiiUfftMrv.  in  ftii^  fUftfr  if  gff  assuming  itiat 

til  new  woAers  haw  effwocy =0  during  thdr  le*rr.i«  period  and  eflkwrf-y ■=  1.0  after  ifseir  leant- 
lag  pefiiifl  !<■  nmipM.rd:  ais*l 

m  oven  that  we  define  pe.-brctive  workers  far-  those  win.  have  ciinpiHnf  th«r  banting  period, 
then  productive  workers  have  time  dependent  cOk-tene*  given  bv  eni  in  Equatk»n  t 19t 

FtnaMy.  the  choice  ,4  the  buildup  threshold  ran  I-  expected  to  he  influeio-ed  by  many  factors  of 
"he  It  some  typical  ones  can  he expected  to  he: 
til  overstaUinp 

■  ~  t  the  rJassifiratioo  nm  of  personnel 
the  rale  of  mfusios  * *1  urs  workers 
|4»  inadequate  work  plans  tug  and  milestone  identification 
i5»  inadequate  onddcra  deiwltksn 

she  attensity  of  artmiy  to  meet  program  objectives 

*****  bwjHi  between  personnel  training  and  work  asslpimesits 

availability  of  teeiwueal  equipment  and  fariliiie? 

Wt  uiiavailntdlhy  of  adequate  work  standards 
ilOi  program  phase  tmocepl  formulation.  definition.  aequisitioti! 

HI  I  frequency  and  type  of  technical  changes  to  the  scope  of  effort 
t(2l  the  time  spent  +n  •  tmuatmicatinu  with  ctiworfcei* 

<13*  the  time  spent  in  **  orietitatbm  aeeticp, 

VIL  DETERMINATION  OF  TUTAL  WNFROBMT1VE  I.4BOR  I  NIT  EXPENDITURES 

Because  of  the  assumption  of  degraded  efficiency  ,4  pi  .durtive  worker*  when  the  nonproductive 
workers  “  wtauwlier"  in  the  ajw*.  defined  sense  the  productive  workers,  it  h  possible  to  obtain  boo- 
IBodnetree  e»nt  from  Productive  w»,kers.  This  is  do-  penalty  .me  would  pay  for  ImiHmg  bp  too  mr.idtv 
so  «  to  cause  the  ratio  «frl«ri  t  J  to  exceed  the  bwlWuf.  threshold.  Thus.  if  then*  air  p>x,  productive 
wrtn»  31  ,iwe  r’ Iben  in  s!**-  “•*™l  <*•  •*  +  dx  t  they  will  expend  pUMl  -  labor  amt?  for 

mmjmdurtive  efiori  and  «,  the  lota!  amount  say.  of  nonproductive  effort  by  productive  workers 

l»y  time  I  ran  Ik*  exptessed  as 


plrM  i  — riji  ldr  j f  7\  Tt: . 


rwore  pix  I.  like  «{ t».  ts  a  step  function  with  possible  jumps  only  at  time  point*  after  Sana  /.  j-¥  /.- 
t  ,  I./—  !  —  [/.| —  .  nr.,  where  i=r>.  Tit- 1 . we  can  rewrite  Eonabw  (20t  if  T.  ^  t  s,  T. »» 


el  1 1  i )  I  U 
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il  isrii  r,  if  we  specify  that  the  learning  time  I.  is  integral  and  that  the  IwSMup  threshold  moat  not  be 
,-v  ceded  during  the  buildup  process,  then  Equation  129!  becomes  linear  In  the  :ell)'s.  This  is  facilitated 
far  adding  the  constraint  that  nil) /pit)  K  for  t=0.  1.2 . T or.  equivalently, 

■  1  -!  K)it{i)  —  wit  *  J*  0  fort =0.1,2.  .  .  ..  T. 


Th»  type  •*;  constraint  has  been  considered  before  fay  Piirkiss  13)  when  be  Imposed  the  condition  that 
the  number  ««l  iramee*  cannot  exceed  ssime  fixed  proportion  K  of  the  trained  men. 

Before  showing  that  the  problem  defined  by  (25W31)  is  aa  integer  linear  programming  problem 
wee  Ref,  |  IJ*.  observe  tfaa!  an  alternative,  and  perhaps  more  realistic,  form  of  Equation  r29i  Is  for  given 
cosstaats  Ski  to  write 

am  Citji  -  Aj  «  U fit  ft  «  C(tii  4-  Af 

hv  r~  1.2.  .  .  .V.  Le„  the  total  productive  effort  by  time  ij  sh.iidd  I*.*  within  Aj  of  the  desired  goal 

Cu.%. 

F«r  JaicCTat  T  and  F» — 0  the  tddertive  futtetloti  is  linear,  because  we  have  from  Equation  (143  that 


*331 


mrt=2  «t/»- 

>*e 


Sint*  we  Am**  aJlou  the  bujldnp  threshold  to  be  exceeded,  it  follows  that  II E-S  / ;  —  0  and  so  from  Equa¬ 
tions  t!6l.  f22l,  t24L  and  wll  we  obtain 


•Mi 


HAO'-HM-HitV  I 

=  V  scijl  -  V  «(j}  =  V  p{j). 

J.“Q  j»»CJ  J-*& 


mmw  I.  is  assumed  to  be  aa  integer.  Consequently,  it  sulfites  U>  s!n>w  that  p{!)  is  linear  in  the 
C'sug  (hr  definitions  of  Ctji  and  Dtj)  along  with  £27)  and  GBk  it  is  easily  shown  from  Equation  (Slthat. 
if  /.  Tr.  then 


»36> 


ad,  a  Tr  <  fi~  then 


#»<*'►- 


fpfel 

if  I  *Sf  <1 

JHi-/.) 

if /.  Fr 

jrrft  —  Ll*frrlf  j—  sdFgd 

if  T?<t^Tr-¥L 

aTp-r£<f. 

f»t»r 

If  I  --  r  <  Tr 

p(e)  +  trlri  —  siF#d 

if  TpVS#<£ 

ir  ■#  —  /.»  +  ndf  I  —  »rt  Fp  > 

if  Lnt<n*L 

rrlri 

if  Fpr/.?  t. 

r/pipw  vm  arm  raru.-f  u  moons  mat  eb?  aso  i2¥i  are  (wear  tHnctraas  «i  eriif 
and  «*»  cSi-tlll  defines  an  Integer  IJ*  problem.  The"  .'[ihition  ran  be  obtained  fay  using  C®m*»ry*« 
Mftfcid  (see  Ret  IIIl 


IX.  IIKTKRTIIXATIOX  OF  THE  Ol'TIMUM  BUILDUP  RATE 
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(e)  If  7V  *  <-  7k  llien  ainlplj) ** I  i  r  -  T  -  !  J/jrf#|  and  •. 


I  alji  T  ...  •  .  l  :Tr  -T>  -i- 1 • 

max  -i  — ;  7i  «  f  %,  /«  »  s=  —  ; - — 

I  PVi  i  iciot 


Therefore.  in  order  that  aliflpU)  *£ibrfi  <f<  7k  It  suffices  to  ctwwe 

WS)  l’;-:ku<n  T — T  -r  1  I. 

In  summary.  w?  choose  !/*—£/  u  ata  ^  (€51, 

Case  3:  £  >  7V  and  7V+£  «  7k 

fai  It" 0«(<  Jr, tten  B!!>/p|fl*=*!o|/pl*l, 

4k)  If  Tv  *£  r  <  £.  then 


f46) 

and  so 

t«I 


olll  «l#l-t-f-?|f  —  Fr-r- 11 
Jiff  |  jH#it 


a{o)-¥U{L — 7i) 


1  S 

max  ~irzTr*t<L  =  ( 
I  P«0  1 


if  £  is  integral 


Therefore.  it  suffices  to  choose 


*48;  f/=  < 


^  f  "  VLm  integral 


Kpjoi—nM  ...  ,  , 

f#=  ^  s  *  liC*£ 


[Lt-T,  +  \ 


m  BMigsal 


fc|  If  £^  t  <  /fri,ihra  a(i)/p(t I = C/||  — ■  fr — rlliBiti  and  so 

Bgtsf  J^L  l^l  ViJmioi  if  £  is  integral 

lp<»>  *  j  l  f/U+Il/«io)ifZ.is  • 


Therefore,  it  suffices  to  chawe 


|  SMolff  tf  £.  » 

I  fai*i/|t+ 11  Vf  n  wwMgpri 


(dilfrrrt^K  Fj»,  ihra 


»I| 

Fibjb 


»(il,  C/f  If  I — »<— £li 

;■'  / 1  irt*i  +  f  t  —  T  - 1  -i]  ' 

f  jSufci.  4a  nil jjpf  f i  «reeed  K  M"  we  choose  If  accu'ding  t*  *Sf||, 


■>  \M'( )\V K.U  i  mm 


whit'll  mi'  | n't m 1 1 it 1 1 i vt*  ll.e,,  ahead)  trnnmdi.  ami  a  lm  lilu  i  rile  nl  ,'UIO  winker*  |n*r  mmilli.  »iiiriinn 
al  tin*  end  ill  the  Ural  mnnili  (l.i*. .  Ti  *»  I ),  ami  ennllmiim*  I'nr  20  immllia,  Tim  Icamiim  llum  la  calimulcd 
lo  lie  2  iiuiiiilia  mi  ilm  avcranc  ami  llm  inii lilu 1 1  iliri'almlil  U  <>wi in<.ti<'il  in  lm  (1,25,  (lalnu  Ktpialinn  i  I  II. 
wlmn  Tv  -  I  anil  llic  litilldiip  rale  la  T,  we  nliialn  I'nr  Inn  anil  / 

(M)  ll{i  i  V  iril )  ■"  a  in)  >|-  V  n'i  j\ 

in  .n 

(55)  -<■*  11(11}  i'  V  («'( 11 )  jli) 

,/  I 

(56)  94  /  if  ( 11}  1 .  (-Lit'-Jj- 1 


In  particular.  I'nr  l  m  16,  w(o)  m  1.000  anil  V  »  MX),  we  nliialn  //( 16)  *>  42.4(H)  mammnnllia  uf  cfl'nrt. 
From  Table  I ,  we  ace  1  lint  llm  frnellnn  n|'  i'11'nri  productive  by  1I11111  16  la  0,1116  ami  an  ///if  16)  «  41 .720 
niaiHiiiiiillia,  Tlmi’i'l'ni'i1.  llm  mlli'alinm  can  eaully  lm  nml.  lull  al  llu*  coal  n|'  12.100  ■Tl.726^  7.67 1 
uililii  ional  maiiuiiniitlia  nf  t'fTort .  I  lint  la,  In  net  44.726  iiiamiimnilia  nl'  prnilimilvc  clfnrl.  llm  company 
iniial  expend  42.400  maiHimiillia, 

I'Vnin  Talilc  I.  wc  nliacrvc  ilial  llu*  mileulnim  mold  uni  have  Imcn  nml  within  15  immllia  nfler 
Smnlicad  alimc  lO.HIO)  (42.400) ...  44.444  maminnnilia,  On  llm  nilmr  liaml,  if  llm  program  ninnap'r 
and  Ida  utalV  were  cnnacrvallvc  In  I  heir  callmaic  nl1  llm  I'mihlirp  ilircalmld  K.  and  llm  1  rue  ilircalmld 
la  approximately  1.0.  limn  we  nliacrvc  llini  the  iiillcaimm  ennld  lm  nml  williin  14  immllia  idler  pmalmad 
alimc  (0.0 10)  (42.400)*  4*1 .604  maiHimnilia. 


Taiii.k  I.  Kraeilnn  Ol'  KlVnrl  I'mdiieilvc  When  m(o)  **/»(«)  1000,  /m2,0  And  00 


Time  I'Vtim 
Start  </l 

Hiillilii|i  Tlui'»l«il(l 

0,2s 

o„*.o 

0,73 

1,0 

mm  tram.mmmuxurnmam  ■ 

,  r  .  „  ,rr. 

r* -me  tmt'it  rwmt- 

—  CTinr»irtf  «t  p*mrr 

1 

1 ,00(1 

1,000 

1,000 

1,000 

4 

o,ar.:i 

0.H70 

0,1170 

0,1170 

:i 

11,711:1 

0.7, VI 

0,700 

0,700 

l 

0,003 

0,731 

0,711 

0,711 

3 

O.fifrl 

0,730 

(1,7311 

0,7311 

6 

0,0711 

0,737 

0,713 

0,7 13 

7 

0.007 

0,717 

0,732 

0.732 

a 

0,7111 

0,73(1 

0,702 

0,702 

0 

11.7:10 

0,770 

0,773 

0,773 

10 

0,732 

0,7110 

0,7)13 

0,711,3 

11 

0,700 

0,700 

0,703 

0,703 

12 

0,770 

0,1100 

0,1102 

0,1102 

m 

0,701 

0,1100 

0,1110 

0,1110 

0 

0,1101 

0,H|7 

IUUII 

0,8 1 II 

1.1 

0,1110 

0,1121 

0,1120 

0,1120 

if* 

0.11 10 

II, Hll 

0,H,I3 

0,1133 

There  are  advanlanea  In  Initially  alarlinnilie  prop, ram  with  a  1  rained  nr  prndimilvc  prntipnf  wnrkera, 
however,  Imcaiiac  nf  llm  anmellnma  non/, cm  lime  lapaea  lielween  the  end  nf  one  prnpram  and  the  ainrl 
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j.  c.  if  At; 

f  3  SUbseqU‘,Ht.  ,,ne*  3  <’om*,any  is  fwquwilly  faced  wiih  the  problem  of  supporting  a  basic  labor  force 
«  urmg  sue!)  an  interim  period  while  no  contractual  funds  may  be  available.  One  rationale  for  determin- 
m|t  what  tne  size  »1  this  basic  labor  force  should  be  can  he  developed  a*  follow?.  Let  Mix )  denote  the 
total  estimated  cost  for  nonproductive  effort  <i.«„  II:AT,+L)  «„  a  prop,.,,.!  program  if  the  initial  num- 
ber  of  productive  workers  is  =  *).  Then  Mix )  -  Mix  +  A)  denotes  the  savings  in  expend]- 

ture  f„r  nonproductive  effort  if  the  program  begins  with  i  •  A  rather  than  *  productive  workers.  If 
tune  is  expressed  tit  months  and  Mf.vj  and  M{x*  A)  in  man-months,  then  this  savings  is  equivalent  to 
supporting  the  additional  A  workers  for  (.»/(*) -Mlx+  A))U  months  prior  to  program  go-ahead,  that 
is.  it  is  to  the  company's  advantage  to  start  the  program  with  »  *  A  productive  workers  rather  than  *  if 
t  le  time  required  to  support  these  additional  productive  workers  do,-  not  exceed  (Mix)  -  Mix  r  A) ) /A. 

To  illustrate  this  application  of  the  model,  suppose  a  company  plans  to  buildup  a  program  organiza¬ 
tion  starting  with  nOO  workers,  all  initially  productive,  to  a  maximum  size «f  10.000  worker  24  months  after 
go-ahead,  i.e„  setting  T.  =  0  and  Tv  -  1 .  p(o)  =  W(Q)  =  500,  T,  =24  and  W(TP)  =  10.000.  This  implies 
a  buildup  rate  of  approxiinatelv  396  ^  „  ... 

\  24  /  ftf,r*er5  P^r  month.  5uppi»5P  the  learninr  time 

is  estimated  to  he  1.5  months  and  the  buildup  threshold  is  0.1.  The  organization  planners  are  inter- 
ested  m  determining  whether  or  not  i,  would  be  more  advantageous  to  star,  with  a  larg»r  number  of 
.mtia  y  pro  uctive  workers  and.  if  so  Imw  much  time  would  be  required  prior  to  go-ahead  to  sup¬ 
port  t,  is  increase  in  the  initial  workers  productive.  They  are  interested  in  considering  the  raime 
o00  ^  p(0)  sS  5000.  Using  Equation  (22)  with  t  =  T,.  +  L.  the  total  nonproductive  effort  was  computed 
forp(o)  equal  to  integral  multiples  of  500  in  this  specified  range  and  is  given  ln  Table  2  as  .l/(p{0)). 

J/f  |I>R  1#|  sTA  1  :l(K)'  I{M)0 .  450°* in  Tab,‘‘  3  *n‘  presented  ,l«e  corresponding  values  of 

,  :t/(.v  + A)  and  the  ratio  {  !/(.»•)  —  .!/(.»  -  A,  i  A.  From  this  ,ahle  we  see  tha,  1J>00  additional 

product. ye  workers  can  he  supported  prior  ,«  go-ahead  for  the  larges,  possible  ,i,„e  la  little  over  2.5 
months)  implying  that,  if  there  can  he  expected  to  be  a  2-5  month  delay  before  the  start  of  the  program, 
t  ii*ii  to  start  l  to  program  with  2.000  productive  workers  thence  a  buildup  rate  of  333  heads  per  month) 
would  he  more  efficient  than  starting  with  only  500. 

I  Uil.K  2.  !  otal  Program  Nonproductive  Effort  (man-months) 


ifiptoi  i  : 

'  — i - - - * - ; 

17,606  ; 

1 .000 

16.333  ! 

i  J)*«i 

i  i*wo  i 

2.000 

15.620 

|  2,vtn 

12.365 

i  .».«») 

11.172  i 

i  .tAOO  i 

10.086 

L000  j 

*>.112 

I..AO0 

8  :m 

5.00! 

7.488 
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Table  3.  Savinp  in  Nonproductive  Effort  and 
Maximum  Support  Time  (a: =500) 


— 

A 

Jfta)  -.«(*  +  A) 

(Mix) -Mix*  A)>/A  j 

SOQ 

1373 

2346 

1.000 

2316 

2316 

1300 

3.986 

23" 

2.000 

5343 

2,622 

2300 

0.434 

2,574 

3,000 

"324 

zm 

3300 

8,494 

2.427 

4.000 

9321 

2330 

4300 

10.138 

2348 

We  have  presented  a  few  applications  of  the  model  developed  here  to  suggest  how  it  can  be  used 
and  perhaps  these  can  stimulate  the  interested  reader  to  find  further  uses  and  applications. 
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ABSTRACT 

It  is  pointed  «ui  in  lias  paper  that  Una's  hyperbolk:  ftnwtion  fa  a  special  case  of 
both  Compound  Gamma  and  Comfuiuul  Weiliull  dfattibaians,  and  both  of  tlwse  dfatnbtHmds 
prostde  iH-IU-r  m«defa  for  lomax's  business  failure  data  than  hfa  hyperbolic  and  exponential 
I  unctions.  Since  bis  exponential  function  fails  to  yield  a  val.d  distribution  function,  a  net- 
essary  romhuon  fa  wjabfahed  la  remedy  this  drawback,  in  the  light  of  tltfa  result,  hfa 
caponcnUai  function  fa  iswfifiea  in  several  ways.  It  is  further  shown  that  a  natural  .-.implement 
**l  Lomax  «,S|h‘ii*rciiaI  fasetina  di*c*  not  suffer  from  fawfadi. 


I*  INTRODUCTION 

XVI||I,:  ilna!yzing  ,iala  on  faiIur,,!’  °*  fl>ur  ‘ypes  of  business,  Lomax  proposed  two  functions  winch 
gave  good  fit  to  his  data  in  [91  Hts  hyperbolic  function 


0.1) 


/TO 


<0. 


where  n  and  b  are  positive  constants,  was  found  more  appropriate  for  the  data  relating  to  retail,  craft, 
and  s^rvtee  groups  while  his  exponential  function 


(1.2) 


z{t)~  ae-**,  *2=0. 


«t.erc  „  and  I,  an-  pnailiw  nomlant,.  gave  taler  tit  tlte  daw  „  manufacturing  tritdt*.  ta  ,1a.  p,«r 
,t  ml  be  painted  nut  ,l„,  Luma,',  hyperfmlic  funcli„,  h  ,  SKdo|  ^  of  ^  Cmm> 

and  Cumpound  WcibttH  diatribufimia.  and  bath  eftbea,  distributions  provide  better  models  far  Lomax's 
usiness  failure  data  than  his  hyperbolic  and  exponential  functions.  In  addition,  several  important 
pmnte  relating  to  Lomax's  paper  [91  will  also  be  conside.  -d 

2.  LOMAX’S  HYPERBOLIC  FUNCTION 

From  Reference  [2J  we  obtain  the  probability  density  function  (p.d.f.)  of  the  Compound  Gamma 
distribution  i$ 


(2.1 1 


Jri/>=< 


&{a.  iljo-rf 1  ~  ®*  lw*  ®*  b>0}, 
,0  elsewhere. 


^  "*  ta-'~  <*"  rf  U-S-tLF. 
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which  reduces  to  the  p.d.f.  of  the  L<*nax  distributjoD  corresponding  to  z(t)  —  6/ft+a)  for  a3®!. 
This  Lomax  distribution  enjoys  the  following  property. 

PROPERTY:  Let  Xt,  X*t .  .  Xu  be  n  independent  identically  distributed  random  variables 
from  the  Lomax  distribution  with  the  parameters  a  and  b,  and  let  Y„=niin  (.Yt,  Xt, , ,  Xs).  Then 
Y*  obeys  the  Lomax  distribution  with  the  parameters  a  and  nb.  Conversely,  if  K«  has  the  Lomax  dis¬ 
tribution  with  the  parameters  a  and  0  then  each  ,Y,  1  i  =  1 ,  2, ,  .  n)  obeys  the  Lomax  distribution 
with  the  parameters  a  and  0n~l. 

This  property  is  very  useful  in  life  testing  situations  where  failure  data  are  generated  by  destructive 
testing  requiring  unduly  long  waiting  period.  The  proof  and  the  application  of  tins  type  of  result  are 
discussed  in  Reference  {4], 

The  above  Lomax  distribution  may  be  considered  to  be  Exponential-Gamma  distribution.  Later 
on,  it  trill  be  shown  that  a  Gamma-Exponential  distribution  Is  a  better  model  far  Lomax’s  data  than 
his  Exponential-Gamma  distribution.  It  may  be  noted  that  both  of  these  distributions  are  special 
cases  of  the  above  Compound  Gamma  distribution. 

From  Reference  [3]  we  obtain  the  p.d.f.  of  the  Compound  Weihull  distribution  as 


* 

frit)—' 

J 


[a-FI*]*'1 


,t»Qt  (a.  6,y>0), 


.0  elsewhere. 


which  reduces  to  the  p.tLf.  of  the  Lomax  distribution  for  -y—  1.  Subsequently,  it  trill  be  shown  that  the 
WeibuH-Expouential  distribution,  which  is  a  special  case  of  the  above  Weibull-Gamraa  distribution 
and  different  from  the  above  Lomax  distribution,  is  a  better  model  for  Lomax’s  data  titan  his  hyperbolic 
function. 

3.  LOMAX'S  EXPONENTIAL  FUNCTION 

Earlier,  we  have  stated  that  Lomax’s  exponential  function  does  not  yield  a  valid  distribution 
function.  It  is  because  it  yields 

F(*)*l-e-f  <1, 

which  is  contrary  to  the  usual  assumption.  F{*1  =  I,  noting  that  F{x)  denotes  the  cumulative  distribu¬ 
tion  function.  For  a  given  intensity  function  a(t) ,  we  write 


which  gives 


/>>*-£ 


F(x}  =  l  — espj— j  r(t)dtj. 


Since aCr)  »0foraIlr,F{*}  ~  I  requites 


(lldr-^wasx-**. 
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which  is  a  necessary  condition  for  (lie  existence  of  a  valid  distribution  function.  It  I*  easy  to  see  that 
Lomax's  exponential  function  does  not  satisfy  this  condition.  We  note  that  2!/},  the  conditional 
density  function  of  failure  probability  with  time,  is  also  known  as  the  intensity  function  in  [7|.  and  the 
hazard,  or  the  ttge-speeifie failure  rate  function  in  1 1  j. 

The  p.d.f.  of  a  modified  Lomax  distribution  is  given  by 


[  0  elscwhere. 


which  yields  Fl* )  =  1. 

The  modified  Lomax  disirihution  is  now  made  more  versatile  by  eonsldering  one  of  Its  parameters 
to  he  a  random  variable  and  using  this  fact  to  generate  a  compound  modified  Lomax  disirihution. 
Besides,  whenever  experimental  data,  applicable  to  p,d,f,  &3L  are  suspected  to  have  been  influenced 
by  some  uncontrollable  factors,  its  compound  p,d.f.  derived  below,  may  provide  an  improved  fit  to 
such  data.  Thus  we  shall  write  the  conditional  p.d.f.  of  the  modified  Lomax  dtstribulioo  as 

\ae -n-7  (I— e“r)"'.  /  *0. 

13.4)  /r(t!o)  =  | 

[0  elsewhere. 

and  the  p.d.f.  of  a  as 


{£«:: 
r« 
0  elst 


rco) 

elsewhere. 


.  a  >0,  (a,£>0). 


which  corresponds  to  the  ganmta  probability  distribution.  Now  the  p.d.f.  of  tbe  compound  modified 
Lomax  distribution  is  given  by 

flit)  —  I  fritlaisioida 
Jo 

Y - — ! - — — —  ;3=0 

(3.6)  =  feffl+j+i -e-*)-'  * 

0  elsewhere. 


Another  way  of  modifying  the  Lomax  intensity  function  is  to  choose  z(ti  =c  +  «c”'i?.  where  c  is 
a  positive  constant.  This  form  of  z{t)  enjoys  a  useful  eharacterwatioi;  (see  Reference  [4jl.  One  may 
also  choose  sit)  differently  to  remedy  this  difficulty. 

4.  SOME  NUMERICAL  RESULTS 

Lomax  reported  correlation  coefficients  between  theoretical  and  observed  values  of  linearized 
exponential  and  hyperbolic  functions  In  (9j.  In  this  paper  it  has  been  pointed  out  that  Lomax's  expo¬ 
nential  function  does  not  correspond  to  a  valid  distribution  function.  Consequently,  several  modifica¬ 
tions  of  Lomax’s  exponential  function  have  been  proposed  in  section  3,  One  of  these  modifications 
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consuls  of  adding  a  positive  constant,  c.  to  his  exponential  function,  Now  in  Table  4.1  we  present  the 
correlaiion  coefficients  between  observed  and  theoretical  values  »»f  linearized  functions  In  z{l)  —  In 
a—bi  and  In  (z(t) — c)  —  In  a— it. 


TABLE  4. 1 .  Correlation  Coefficients  Corresponding  to  Exponential  and  Modified 

Exponential  Functions 


j  Tip? 


j  ! 

wl  Kanrlkm  j 
fkt*inr»i‘  ; - {■ 


A  Mndjfird  KlpfirUTTity  Filnf'liiill 


of  *  !  e 


|  _ •  _  * 


=  i  |  t 

j  t.’i-ui! . 0,91  1  0,99  |  0.03  j 

]  MLaaafaffimsg.,,  ...J  0^6  i  0.%  j  Q.G9I  J 

!  Craft . 1  |  OX  .  0M  ; 

*  Srfli’?  ...... .......J  0.91  |  0.#|  |  O.iO 


The  value#  of  c  reported  in  Table  4.1  were  chosen  by  carefully  examining  Lomax's  data  ([9], 
Table  5),  One  could  determine  the  optimum  values  of  e  which  would  insure  the  maximum  attainable 
correlation  coefficients  for  these  data.  The  author  lias  decided  against  this  because  his  other  models 
easily  yield  higher  values  of  correlation  coefficients  in  all  cases  (see  Table  4.2  j. 

In  case  of  the  Catnma-Exponeniial  distribution  we  use  the  transformation 

(4,1 1  In  iF\t)l/U) )  —  Ufa)  4-  (t*faa). 

whieb  yields  pseudo  least  squares  estimators  for  a  and  a.  explicitly.  Lomax's  data  (I9j.  Tallies  1  and  2} 
are  used  for  this  purpose.  In  case  of  the  Weibull-Exponential  distribution  we  use  the  transformation 

(4.2)  In  (F(l )Mt) i  =  yin  I  — In  a, 

which  yields  pseudo  least  squares  estimators  for  y  and  «.  explicitly.  Lomax's  data  (J9j.  Talde  1)  are 
used  for  this  purpose.  The  expression  R(t )  —  J  —  Fit)  is  called  the  reliability  function  and  the  pseudo 
least  squares  estimators  are  the  usual  least  square#  estimators  in  terms  of  transformed  data.  The  de¬ 
tailed  work  is  reported  in  Reference  15].  Here  we  give  tire  correlation  coefficients  between  observed 
and  theoretical  values  of  bunas’#  lineariied  exponential  and  hyjrerholiv  functions  and  expressions 
i  ki  *  and  14.2). 


T.VBtJE  4.2.  Correlation  Cwtfieienis  Corresponding  to  Following  Four  Models 
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;  Evpn^vBiisl  |  Evpmwsiisl 

:R«#I . 

.;  0.9067 

:  o,w 
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Entries  iif  Table  4.2  clearly  show  that  Iwth  Camma-Exiionentiai  and  W  eibuil-Expoiieniial  distribu¬ 
tions  describe  Lomax's  data  bettor  than  his  exponential  and  hyperbolic  functions. 

3.  NATURAL  COMPLEMENT  OF  LOMAX'S  EXPONENTIAL  FUNCTION 

Whereas  the  Lomax  exponential  function  did  not  yield  a  valid  distribution  function,  the  natural 
complement  of  his  exponential  function  does  yield  a  valid  distribution  function  and  it  seems  to  be 
usefaL  We  consider  the  natural  complement  of  the  Lomax  exponential  function  to  be 

15. 1 !  ;(/ 1  =  «»*'. t  ?  0.  (a.  h  >  01. 

The  ahiivc  intensity  function  ait;  generates  the  valid  distribution  function  since 


— *  *  as 


C-mrsiwnding  l<>  intensify  funt-ilon  iS.l  I  we  pet  tbc  u.d.f 


1 0  elsewhere. 


Let  the  parameter  a  of  p.d.f.  »55t*4*ex  the  gatuma  p.dlf.  of  form  (3.3 1.  Then 


T  -'f'' 

,  .  It/Jfc-i+e*)-*' 

/rin~  J 

( 0  fhrx'bnr. 


.1  su. 


Its  intensity  function  is  given  by 


where  ii ~  ah  and  A  —  IS  —  1.  Exj»rt-s*i™  >3,4t  is  kiwmn  in  the  statistical  literature  as  lomstic  etuve 
•see  Reference  J8|.  ftp  638-  661 ».  S»unr  other  rrsuhs  pnlairing  l«  this  topic  arc  discussed  in  References 
j  l  |  and  f6j. 
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A  NOTE  ON  A  COMPARISON  OF  CONFIDENCE  INTERVAL  TECHNIQUES 

IN  TRUNCATED  LIFE  TESTS 
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ABSTKACT 

Scum  nl  ii|»|*r«>«iiiiuil<*  |iriM'ciliir/-.  uri*  iivniliililt-  lit  llif  lilfrulilff  fur  oliiuimnit  rmifnlriicf 
inlemil*  fur  l In*  imriiiiiflfr  A  u(  mi  expum-iiiiiil  ilfulrilmliiiii  linneit  mi  lime  friinraled  miiii(iIi;». 
Tlii*  |Hi|ii*r  fiiiiliiin*  I  In*  rfMill*  nf  mi  nn|iirlfiil  Minty  rmii|iuriii|<  lliri'f  of  tlurnf  iiriirediiren, 


I.  INTHOIUJCTION 

In  life  lenlhtK  npplicationn.  it  ih  frequently  deni  red  in  obtain  a  confidence  interval  for  the  parameter 
X  n(  an  exponential  dinlrihution.  In  cane  a  lent  plan  in  uned  for  which  all  the  obnervationn  are  truncated 
at  the  name  time  point  t„.  neveral  approximate  confidence  interval  pmccdurcn  are  available  in  the  nta* 
tinlieal  literature.  The  purpone  of  thin  note  in  to  report  the  renultn  of  an  empirical  ntudy  of  the  perform* 
am  en  of  three  of  iheno  prneeduren  with  renpeet  to  the  expected  length  of  the  interval,  the  variance 
of  the  interval  length  and  the  coverage  probability. 

The  general  netting  of  the  problem  in  an  follown:  nuppone  the  random  variablen  T\,  T< . T„ 

are  independent  and  identically  exponentially  dinlributed  with  mean  X*1,  For  1.2,...,  n,  let 
.V/  be  equal  to  7/  truncated  at  t„.  and  let  Yi  be  the  Bernoulli  random  variable  which  in  1  if  and  only  if 
\i  *■'  We  winh  to  find  confidence  inlervaln  lot  X.  baned  on  the  A'/  and  F/, 

In  what  follown.  three  confidence  interval  prneeduren  are  dencrihed,  and  norne  renultn  of  an  em¬ 
pirical  ntudy  of  their  performuncen  are  prenenled. 


2.  CONFIDENCE  INTEHVAL PROCEDURES 

FBOCF.Dl'BK  I :  Thin  procedure  in  obtained  an  a  npecial  cane  of  anoint  ion  to  a  more  general  problem 

W 

that  wan  derived  by  1 1 alperin  1 1|.  The  random  variable  F®  Yi  ban  u  binomial  dintribution  with  param* 

i  - 1 

etem  n  and  f>-~  I  — c  *'».  Standard  tcchniqucn  can  he  uned  to  obtain  a  KKH1  —a)  percent  confidence 
interval  for  />  an 

l,[n(Y)  <  />  <  li( F) J  a  I  —  «. 

Since  /;  »  I  —  e  A/».  an  invemion  can  be  made  which  renultn  in  \t,sr-  — — — — —  and  Xe  =*  — — 

t  II  to 

an  lower  and  upper  KKHI— «)  percent  confidence  limitn  for  X. 
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GOS 

I’MOCKIMJIIK  2i  llnhcnxieln  |2|  allowed  dial 


I*  mi  approximately  uuhiaxcd  (•Mltiimloi-  of  A.  lie  noted  ifmi  lor  A/»  *<  1,1)'/  i*  n curly  a  Koixxnn  random 
variable.  no  a  confidence  iiilcrvttl  |»ruf'i*iliii*«'  lur  11  I'nlxxon  parameter  duo  lu  Wllkx  (*'i |  wax  u*ed  In  obtain 
the  approximate  eonfideiiee  limit* 

A/,-  [aA4-«v:-  ii  .a*v;+sv:*i»«|/2 

Ac*39  1 2A M  + 

Where  j  I*  iIii*  100(1  —trMli  |»»*r*?«**ilii|e<»  point  uf  tin*  xlundurd  iiuniiul  dlxlrlbutlnii  mill  (~,V/) i"/, 

IMtOCKDUIIK 8;  We  employ  terminology  commonly  uxed  in  (lie  literature  of  life  texting  in  dexorih* 
Ing  till*  procedure,  Imagine  lluil  iliu  runiluni  variable*  ,Yi,  A*.  .  ,  ,,  ,Y«  ure  nbxorved  xoipietillully, 
Tliui  in,  imagine  Hull  n  randomly  xeleeted  limn  In  pul  un  text  and  in  replaced  with  a  xlmllar  limn  ai 
failure  ur  after  d  period  uf  h,  ha*  clapxod,  whichever  occur*  (irxl,  If  till*  prooexx  were  continued,  Hie 
arrival  proecM*  uf  failures  would  lie  a  Kolxxun  prune**,  mu  Hie  lime  In  It"'  failure  (for  It  fixed)  would 
have  a  gumma  dlxlrlbullon,  (Texting  In  failure  In  till*  xllunlion  emild  lie  dcxerlbed  roughly  an  a  coin* 
hinatiuii  uf  Item  conxorlng  and  lime  inmeallnn.)  Since  we  are  uxxuming  Hull  exaeily  n  Item*  are  in  he 
texted.  Hie  experlmenl  lx  xl  upped  after  a  random  amntini  uf  lime,  and  Hie  number  K  of  observed 
failure*  lx  a  random  variable,  ll  would  appear,  however,  ilia),  given  K**  It.  Hie  distribution  of  Hie  lime 
lf  \  until  /*  failure*  have  arrived  ean  he  appruxlmaied  by  a  gamma  distribution. 


f(Wk\K  **k)  «* 


A*1 

i‘T/7) 


in 


1  e  A"'v :  wit  >  0, 


iNnle  dial  Hie  distribution  of  lf/il  given  K^-lt  eamiul  he  exai'lly  gamma,  since  li\lf‘h  *£  ntn \~  I  fur 
any  k,  It  follows  dial  l/**2kll'i/  ean  he  appruximaled  by  a  Cbbxipinro  varlalde  willi  2 It  degree*  o! 
freedom,  Thus,  fur  example,  if  xH/a  and  x'fi-iwuiv  Ihe  upper  and  lower  rr/2  percentages  point*  of  Hie 
Clihsipiure  distribution  with  2k  degree*  of  freedom,  then 

/  X'l-'i/i i  \ 

1 2 II y  2/(7  ) 

constitute*  an  appruxlmale  100(1  —  a)  pereenl  euiilidenee  interval  Idr  A, 

8.  COMI’AHISON  OK  IMIOCEIMJHEM 

A  Monte  Carlo  study  wax  made  In  compare  the  three  procedure*  described  ahove,  One  thousand 
xa m pie*  of  xize  n  in  “30.  40,  SO)  from  an  exponenllal  dlxirihuilon  with  parameler  A  (A**  0,1.  0,2.  0,8. 
8,  H,  10)  were  generated,  Knr  each  xainple,  Mfvpereenl  euiilidenee  Inlerval*  for  A  were  ohlalned  hy  the 
three  method*  (I.  2,  8)  for  varioux  truncation  lime*. The  rexull*  are  summarized  In  Table  I  where 
we  give,  for  certain  eoinhinalioit*  of  A,  and  method,  the  average  length  of  the  euiilidenee  interval*, 
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'  TKIfNCATKII  I  •IKK  TKMTM  flQQ 

ill'*  "iiiitpl*'  vurliiiH'i'  id'  diene  li'iijrilitt.  mill  (lie  emplrlciil  cover iific  |irohnhlllly  (|,e„  dm  proporllon  of 
iiiliM v<ilr*  h lilrli  ncimilly  covered  A), 

(  Him  till,  ilii'  jii'iu'i'iliii'i'n  ii|i|>i'iir  in  rimli  2, 1 1,  I  in  deerciinln#  order  of  jmncrid  <|iiidlly  of  pcrfnrmmioc, 
Thin  In  I'liMii'ly  llic  iirilcrlim  with  renpeel  lo  nvernue  Inlervid  lenmh,  mil  ncwnn  lo  Im  dm  bunt  uunurul 
onli'iliiK  with  ri'n|ici'i  lo  viirhmcc  in  Inlervid  I1M141I1.  All  llircc  procedure*  lend  lo  Im  connorvnllvo  In 
ii'inm  of  (  ovi'i'iinc  prnlmhlllly,  will)  procedure  I  heln«  wnrni  In  lliln  rexpoel,  Procedure  It  In  nmmrully 
Imni  In  ii'i'inn  of  niori*  nciirly  iillnlnfii*  llm  “liirpel**  confidence  level  I  -it,  Of  emirne  mmh  11  i|iinlliy  In 
11  pi'iM'i'ilMri*  In  noi  In  lini'lf  of  vnlim  If  li  in  «'«»iii|>i'diifc  with  it  niori*  eonncrviillve  procedure  which  ntliiinn 
i'iini|iiinilili'  Ini'  hclli'i'l  inlcrviil  Icn^lli  I'liiii'imli'rlndi'n, 

ItKPKItKNCHM 

|l|  llnlimrlii,  Mm  Confidence  Inlervid*  from  Cennored  Humph?*,  Ann,  Mulli,  Him,,  H2, 028—37  (1961), 
|2|  lliihlnnii'ln.  I),,  "Hlnilnlli'iil  Kxpoxldon  of  Culde  Munniil  for  Ki'llnhllfly  Mcnniircnmni  Prnifrmn  “ 
NiivOnl  29,104/Addcndnm  (Nov,  1967), 

|,')|  Wllkn,  H„  Hlmrienl  Avenge  Confidence  Inicrvuln  from  Imrue  Humph**,  Ann,  Miilli,  Him,,  9,  166- 
1 75  ( I9M), 

TAMI.K  I,  Home  Cluiriielerlnllc*  of  dm  (AVpereenl  Confidence  Inlervidn  Olilulned 

lining  Three  Procedure* 
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